Pin (2)-MONOPOLE INVARIANTS 



NOBUHIRO NAKAMURA 

Abstract. We introduce a difFeomorphism invariant of 4-manifolds, Pin^ (2)-nionopole 
invariant, defined by using Pin~(2)-monopole equations. We compute the invariants of 
several 4-manifolds, and prove gluing formulae for these invariants. By using the in- 
variants, we construct exotic smooth structures on £'(n)7^(#*L]^ (S^*'' x Ti2^)) such that 
(7(1]^*'') = 0, 1 and g{Yi2 '') > 0- As another application, we give an estimate of the genus 
of surfaces embedded in a 4-manifold X representing a class a G H2{X]l), where I is a 
local coefficient on X. 



1. Introduction 

In the paper |T^, we introduced the Pin~ (2)-monopole equations which are a twisted 
or a real version of the Seiberg-Witten equations, and obtained several constraints on the 
intersection forms with local coefficients of 4-manifolds by analyzing the moduli spaces. 
In this article, we investigate diffeomorphism invariants defined by using the Pin~(2)- 
monopole equations, which we will call ViiC {2)-monopole invariants. We compute the 
invariants of several 4-manifolds, and prove connected-sum formulae for these. We give 
two applications of these invariants. The first application is to construct exotic smooth 
structures on E(n)#(#f^i(sf^ x T.f)) such that g{T.f) = 0, 1 and c/(E^'^) > 0. The second 
application is an estimate of the genus of surfaces embedded in a 4-manifold X representing 
a class a G H2{X; I), where / is a local coefficient on X, which can be considered as a local 
coefficient analogue of the adjunction inequality in the Seiberg-Witten theory [T2 | |5| [T5 | [20] . 
First, we state the applications. 

l(i). Exotic smooth structures. Here is the first application: 

Theorem 1.1. For any positive integer n, there exists a set Sn of infinitely many distinct 
smooth structures on the elliptic surface E{n) which have the following significance: For 
a G Sn, let E(n)„ he the manifold with the smooth structure o homeomorphic to E{n). For 
each positive integer i, let x Eg ■* he the direct product of two closed Riemann surfaces 
such that the genus of Tlf* is Q or 1 and that of Eg'* is positive. Then, for any positive 
integer k, i?(n)o-#(#f=i(E[*'' x Eg"*)) for different a are mutually non-diffeomorphic. 

Remark 1.2. A famous result due to C. T. C. Wall tells us that any pair of simply-connected 
smooth 4-manifolds Mi and Mg which have isomorphic intersection forms are stahly diffeo- 
morphic for stabilization by taking connected sums with ^(5*^ x 5*^) for sufficiently large 
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k. (See e.g. jTO]-) Theorem 11.11 says that there exist infinitely many exotic structures on 
E{n) which can not be stabihzed by Si x S2 such that g{^i) = 0, 1 and 0(^2) > 0. 

l(ii). The genus of embedded surfaces. Let X be a closed oriented connected 4- 
manifold and suppose a nontrivial double covering X — )■ X is given, and let / = X x Z. 
Then a homology class a G H2{X; I) is represented by an embedded surface S as follows: 

• S is a connected surface embedded in X. Let i: S — )■ X be the embedding map. 

• The orientation system of S is identified with the pull-back i*l of I by i. 

• If : H2{T,;i*l) — )■ H2{X]l) is the induced homomorphism and [S] G H2{T,]i*l) is 
the fundamental class, then a = ^^[S]. 

Conversely, a connected embedded surface S whose orientation system is the restriction of 
/ has its fundamental class [S] in H2{X; I). 

Theorem 1.3. Suppose a pair (X, I) of A-manifold X , and a Z-bundle I over X is one of 
the following: 

• (Xi^X2# ■ • • i^Nn, hi^ ■ ■ - In), where each Ni is a homotopy Enriques surface, and 
li is a nontrivial Z-bundle, or 

• [Ki^{i^\^^{T.f X m Theorem{n\ with K a K3 surface, where I = Mlx2 
is defined before Theorem \l.lSl 

Let be a connected embedded surface as above representing a class a G H2{X;l). If a 
has an infinite order and a ■ a > 0, then 

>a-a. 

Remark 1.4. The number a ■ a is the normal Euler number of the embedding E C X. 

From this, we can also obtain some kind of equivariant adjunction inequality on the 
double coverings: 

Corollary 1.5. Let X — > X 6e the double covering associated with (X,/) in Theorem M.'^ 
and i: X — 7- X be the covering transformation. Suppose an oriented connected surface S 
embedded in X satisfies the property that [S] — 6*[S] has an infinite order in H2{X; Z) and 
[S] ■ [S] > 0. //Sni(S) =0, then 

(1.6) -X(S)>[S]-[S]. 

Example 1.7. Let us examine Corollary [13] for a simple example. Let X = K34^{T'^ x S*^). 
Then X is associated to a nontrivial double cover T"^ x S"^ ^ T"^ x and hence X = 
iri#(T2 X S'^)#K2, where Ki are copies of K3. Let a = [pt x 5^] and r = [T^ x pt] in 
H2{T^ X S'^;Z). Take a 2-sphere S representing a embedded in the x S'^-component, 
and oriented connected surfaces Sj {i = 1,2) embedded in the i^j-components so that 
[Sj] 7^ 0, [Sj]^ > 0, i(Si) n S2 = and 7^ [S2]. Then we can arrange to take a 

connected sum E = Si#S'#S2 in X such that S fl t(T,) = 0. Such a E certainly satisfies 
(ll.6p because of the adjunction inequality for K3. On the other hand, we can construct 
oriented connected surfaces S embedded in X with S fl i(S) 7^ which violate (II. 6p as 
follows. Let gi be the genus of Si above. We can take an embedded 2-torus T representing 
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T + na so that 2n > 2gi — [Si]^. Then take a connected sum S = Si^^T in X. Since 
[S] ■ L^[T] = (a + nr)2 = 2n > 0, we have S n 7^ 0. 

l(iii). Pin^(2)-monopole invariants. To prove the results above, a Pin^ (2)-monopole 
version of the Seiberg-Witten invariants will be defined and used. We remark that the 



Pin (2)-monopole equations are defined on Spin'^ -structures (^2(i) and |T7], Section 3), 
which is a Pin~(2)-analogue of Spin '^-structures. (A natural view point is that a Spin'^"- 
structure is assumed as an object defined on a double covering X — X of a manifold X. 



See ^2(i) ) Therefore these invariants can be considered as functions on Spin'^ -structures. 



One of the special feature of the Pin~(2)-monopole theory is that the moduli spaces may 
be nonorientable. Hence, in general, Z2-valued invariants will be defined. Only when 
the moduli space is orientable, Z-valued invariants can be defined. Here, we state several 
nonvanishing results on the Pin~(2)-monopole invariants. 

If Nq be an Enriques surface, then there is a double covering vr: Kq — )■ Nq with Kq a 
K?) surface. More generally, let us consider a smooth 4- manifold N which is homotopy 
equivalent to an Enriques surface. Such a homotopy Enriques surface is known to be 
homeomorphic to the standard Enriques surface ^19j , and has a double covering tt: K ^ N 
such that is a homotopy K3 surface. For a Spin'^'-structure on K ^ N, an 0(2)-bundle 
E called the characteristic 0(2)-bundle is associated. Let Ik be the Z-bundle associated 
to the double covering K ^ N, i.e., Ik = K ^{±1} The /^^-coefficient Euler class of E 
in H'^{X; Ik) is denoted by Ci{E). 

Theorem 1.8. There exists a Spiif~ -structure c on ir: K ^ N which satisfies the follow- 
ing: 

• 7r*Ci(£') = 0, where vr* : H'^{N;Ik) — ?• i?^(K;Z) is the induced homomorphism. 

• the Z2-fa/Med Pin^ (2) -monopole invariant of {N,c) is nontrivial. 

Remark 1.9. The virtual dimension of the moduli space of {N,c) is 0. 

Remark 1.10. Theorem 11.81 is proved by Theorem 12 . 1 71 which relates the Pin^(2)-monopole 
invariants of N with the Seiberg-Witten invariants of the double covering K, together with 
the non-vanishing result due to J. Morgan and Z. Szabo [14J for homotopy K3 surfaces. 

Next we state a connected-sum formula for Pin~(2)-monopole invariants. Before that, 
we note the following remarks. In general, an ordinary Spin'^-structure can be seen as 
a reduction of an untwisted Spin'^'-structure defined on a trivial double cover X — )■ X 
( ^2(i) ). Furthermore, Seiberg-Witten (U(l)-monopole) equations on a Spin'^-structure can 



be identified with Pin (2)-monopole equations on the corresponding untwisted Spin'^ 



structure (^2(iv)). Often, we will not distinguish an untwisted Spin^- -structure and the 
Spin'^-structure which is its reduction, and use the same symbol. In the following, we 
consider the gluing of Pin~(2)-monopoles and ordinary Seiberg-Witten U(l)-monopoles. 

Let Xi be a 4- manifold with an ordinary Spin^-(or untwisted Spin'^--) structure Ci. To 
define another 4- manifold X2, let us consider a 2-torus with a nontrivial Z-bundle It- 
An oriented Riemann surface E with positive genus g can be considered as a connected 
sum of g tori: S = ■ ■ ■ #T^. Let Zs be the Z-bundle over S which is given by the 
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connected sum of It'- Is = ■ ■ ■ #^r- Let Si = and S2 be a Riemann surface with 
positive genus, and consider their direct product Si x S2 with a Z-bundle / which is defined 

as 

where tTj : Si x S2 — t- Sj are the projections. We also consider 5*^ x S with the Z-bundle I 
which is the pullback of /s- 

Remark 1.11. For {X;l), let b[ = bk{X;l) = dim/7^(X; / ® Q). For (X,/) = {S^ x S^;/), 
= = 6^ = and b[ = h\ = 1g-2. For (X, /) = (T^ x S^; /), h\ = for all k. 

For any positive integer i, let us consider S^*'' x S2'' with the Z-bundle as above 
such that Si*^ = S'^ or and the genus of Sg ^ is positive. For a fixed positive k, let us 
consider the connected sum X2 = #f=i(sP x S^*^) with the Z-bundle Ix^ = ■ ■ ■ 
If we write the cardinality of H'^{X2;lx2) ^1 there are m distinct isomorphism classes 
of Spin'^" -structures for X2 — ?■ X2, where X2 is the double covering associated to 1x2- (See 
Proposition 12. 2[ ) Each of these Spin*^" -structures on X2 has a characteristic 0(2)-bundle 
E with Ci{E) = 0, and therefore E is isomorphic to M © {1x2 ® '^)- Let C2 be such a 
Spin '^"-structure on X2. We consider the connected sum Xi^X2 with the Spin"^" -structure 
Ci#C2 which is the connected sum of the Spin'^" -structures Ci and C2. (Here we assume Ci 
as an untwisted Spin'^" -structure.) Then, the following holds: 

Theorem 1.12. Let Xi be a closed oriented connected A-manif olds with a Spin'^ {untwisted 
Spm'^~) -structure such that 

• 6i(Xi) = 0, 6+(Xi) > 2, 

• the virtual dimension of the Seiberg-Witten moduli for (Xi,ci) is zero, 

• the Seiberg-Witten invariant for (Xi,ci) is odd. 

Let X2 = #i=i(Si*'' X Sg^) and 1x2 above. Then, for any Spiif~ -structure 02 on 

X2 — 7- X2, the Pm~ {2) -monopole invariant of {X 1^X2, 01^02) is nonzero. 

Remark 1.13. The virtual dimension d of the moduli space of (Xi#X2, ci#C2) is positive: 
If we set ^« = ^(S?), then d = 2 Y!1=i 9^'^ - k > k. 

Remark 1.14. This non- vanishing result would be interesting in the following two points: 
First, although the dimension of the moduli is positive, the (co)homological (not cohomo- 
topical) invariant is nontrivial. Second, if Si*^ = S'^ for some i, all of the Seiberg-Witten 
invariants and the Seiberg-Witten cohomotopy invariants [2J of Xi^X2 are because X2 
admits a positive scalar curvature metric and 6+(X2) > 0. 

Remark 1.15. It is worth to notice that 6+(X2; I) = 0. In fact. Theorem II. 121 can be consid- 
ered as a Pin~(2)-monopole analogue of the Seiberg-Witten gluing formulae for connected 
sums Xi#X2 when Xi is a 4-manifold with 5+(Xi) > 0, and 

(1) X2 is a 4-manifold with bi{X2) = 6+(X2) = (e.g., CP^, a rational homology 
4-sphere [5],[II]), or 

(2) X2 = 51 X or 
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(3) X2 is a connected sum of several manifolds in (1) or (2) above. 

As mentioned above, the Pin~(2)-monopole invariants are defined as Z2-valued invari- 
ants. But in some exceptional cases, we can define Z-valued invariants. For instance, the 
non- vanishing result for homotopy Enriques surfaces (Theorem II. 8p is refined as follows: 

Theorem 1.16. The Tj-valued Pin~ (2) -monopole invariant for {N,c) in Theorem \1.S\ is 
odd. 

Furthermore, the following holds for connected sums of homotopy Enriques surfaces. 

Theorem 1.17. For any integer n > 2, let X„ = A''i#A^2# ■ ■ ■ H^Nn where each Ni is a 
homotopy Enriques surface. Then X„ has a Spm^~ -structure c„ such that 

• 1j2-valued Pin^ (2) -monopole invariant is 0, but 

• X-valued invariant is nontrivial. 

Remark 1.18. Since h+{Ni) > 1, Seiberg-Witten invariants and Donaldson invariants of X„ 
are 0. 

Now we state the following general form of the adjunction inequality, which, together 
with nonvanishing results above, implies Theorem 11.31 

Theorem 1.19. Let c be a Spiif~ -structure on X X , and c be the Spiif -structure on 
X induced from c {see Suppose at least one of the following occurs: 

• b^{X;l) > 2 and the Pin^ (2) -monopole invariant of {X,c) is nontrivial. 

• bj^{X) > 2 and the ordinary Seiberg-Witten invariant of{X,c) is nontrivial. 

Suppose a class a G H2{X;l) is represented by a connected embedded surface as above. If 
a has an infinite order and a ■ a > 0, then 

where is the Euler number ofH. 

The organization of the paper is as follows. In Section 2, we introduce Pin~(2)-monopole 
invariants, and discuss the relation with the Seiberg-Witten invariants on the double cov- 
ering, and prove Theorem 11.81 and Theorem 11.161 Then several versions of gluing formulae 
are stated, and assuming these, we prove Theorem 11.171 and Theorem 11.11 Sections 3-5 are 
devoted to the proof of the gluing theorems stated in §2. Section 3 describes the Pin^(2)- 
monopole theory on 3- manifolds. Section 4 deals with finite energy Pin~(2)-monopoles 
on 4-manifolds with tubular ends. In Section 5, we give proofs of the gluing theorems. 
In Section 6, the proof of the genus estimate (Theorem I1.19P is given, and Section 7 is 
a discussion on the genus estimate. The Appendix provides some analytic detail of the 
gluing construction. 

Acknowledgements. The author would like to thank M. Furuta for helpful discussions and 
invaluable suggestions at various stages of this work which enable the author to enrich the 
contents of this paper. 
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2. Pin (2)-monopole invariants 

2(i). Spin^" -structures. As mentioned in the introduction, the Pin^(2)-monopole equa- 
tions are defined on Spin^" -structures, which are a Pin~(2)-version of the Spin '^-structures. 
While a Spin '^-structure is given as a Spin'^(4) = Spin(4) y<{±i} U(l)-hft of the frame 
bundle, a Spin'^" -structure is given by a Spin(4) y<{±i} Pin~(2)-lift of the frame bun- 
dle. The group Spin(4) X{±i} Pin" (2) is denoted by Spin '^"(4). The precise definition 
is given as follows. (See also [17], Section 3.) Let X be a closed oriented connected Rie- 
mannian 4-manifold with double covering X — )■ X. The S0(4)-frame bundle on X is 
denoted by Fr(X). Since Pin" (2) = U(l) U jU(l), Spin^(4) is the identity component of 
Spin'=-(4), and Spin'=-(4)/ Spin"(4) = {±1}. Also we have Spin"- (4)/ Pin-(2) = S0(4) and 
Spin"-(4)/Spin(4) = 0(2). 

Definition 2.1. A Spin'^- -structure on X — )■ X is a triple (P, a, r) where 

• P is a Spin'^" (4)-bundle over X, 

• 0" is an isomorphism between Z/2-bundles P/ Spin'^(4) and X, 

• r is an isomorphism between S0(4)-bundles P/Pin~(2) and Fr{X). 

Instead of the determinant U(l)-bundle for a Spin'^-structure, an 0(2)-bundle E = 
P/ Spin'^(4) is associated to a Spin'^- -structure. We call this E the characteristic 0(2)- 
bundle. Let / be the Z-bundle X X{±i} Z over X. Then / is related to E by det E' = / ® M. 
The basic fact on Spin"- -structure on X — )■ X is as follows: 

Proposition 2.2. (1) For an 0(2)-bundle E over X with detE = / ® M as above, there 
exists a Spin"" -structure on X — )■ X whose characteristic bundle is isomorphic to E if and 
only if W2(X) = W2{E) + wi{l O M)^. 

(2) If a Spin"- -structure on X —> X is given, there is a bijective correspondence between 
the set of isomorphism classes of Spin"- -structures on X — X and if^(X; /). 

Proof. The assertion (1) is proved in [17]. To prove the assertion (2), let us consider the 
exact sequence, 

(2.3) 1 ^ ^ Spin"- (4) ^ S0(4) x {±1} ^ 1. 
From this, we have a fibration, 

(2.4) BS^ B Spin"-(4) ^ P(S0(4) x {±1}). 

In (12.31) . {±1} gives rise to an automorphism of of complex conjugation. If we identify 
BS^ with CP°°, the action of 7ri(P({±l})) = Z2 on a fiber of ([231) can be homotopically 
identified with complex conjugation on CP°°. Then Spin"--structures on X — >■ X are 
classified by 

H'{X;n2{BS'))^H'{X;l), 
where tt2 is the local coefficient with respect to the 7ri(P({±l}))-action on fibers. □ 

Usually, we will assume the covering X — )■ X is nontrivial. But in the case when X — )■ X 
is trivial, the Spin"" (4)-bundle of a Spin"- -structure on X has a Spin"(4)-reduction, and in 



Pin- (2)-MONOPOLE INVARIANTS 



7 



fact, this reduction induces a Spin'^-structure on X. We will refer to a Spin '^"-structure with 
trivial X as an untwisted Spin'^" -structure. We will often make no distinction between an 
untwisted Spin'^" -structure and the Spin^-structure obtained by reduction. Furthermore, 
we will see later that the Pin~(2)-monopole solutions on an untwisted Spin*^" -structure 
are also reduced to the Seiberg-Witten solutions on the Spin'^-structure which is given by 
reduction (Proposition I2.14p . A typical example of untwisted Spin'^- -structure appears 
when we pullback a (twisted) Spin'^--structure on X to the double covering X. In such a 
situation, we can relate the Pin~(2)-monopole theory on X with the Seiberg-Witten theory 



on the double covering X with a certain antilinear involution /. (See ^2(v 



2(ii). Definition of Pin (2)-monopole invariants. In this subsection, we introduce 
Pin~(2)-monopole invariants. Let X be an oriented closed connected 4- manifold with 
double covering X — )■ X, and suppose a Spin '^--structure c on X — )■ X is given. Let 
I = X X{±i} Z, A = Z M, and E be the characteristic 0(2)-bundle. Then we have 
A = detE. In order to define Pin^(2)-monopole invariants, we need in general to perturb 
the equations. As in the Seiberg-Witten case, a way of perturbation is to add a twisted 
self-dual 2-form ^ G Q^{iX) as follows. 

r =0, 

(2.5) < 1 ^ 

Here we adopt the convention according to [I3], slightly different from [17], with | on the 
curvature F^. The gauge transformation group is given by ^ = r(X y<{±i} U(l)), where 
{±1} acts on U(l) by complex conjugation. The moduh space A^(X, c) = A^pin-(2)(X, c) 
is defined as the space of solutions modulo gauge transformations. 

Remark 2.6. When the Spin^" -structure is untwisted, since X — X is trivial, we have 
g = r(X X|±i} U(l)) ^ Map(X,U(l)). While the stabilizer of the Pin~(2)-monopole 
reducible on a twisted Spin'^" -structure is {±1}, that in the untwisted case is U(l). (See 



also ^2(iy) ) 



For the time being, we suppose the Spin*^" -structure is twisted. Suppose 6+(X;/) > 1. 
Then, as in the case of the ordinary Seiberg-Witten theory, by a generic choice of fi, the 
moduli space Ai (X, c) have no reducible and is a compact manifold whose dimension is 
given by 

(2.7) die) = ^{^^iEf - sign(X)) - (6o(X; /) - h{X; I) + 6+(X; /)). 

(The perturbed moduli space will be denoted by the same symbol Ai{X, c).) Let A be the 
space of 0(2)-connection on E, C the configuration space C = AxT^S^), and C* the space of 
irreducible configurations C* = Ax (r(^+)\0). Let B* = C*/g. Then A^(X, c) is embedded 
in E* . In a sense, the Pin~(2)-monopole invariant of (X, c) is defined as the fundamental 
class of the moduli space [A^(X, c)] G Hd{c){E*). We can obtain a numerical invariant by 
evaluating [A^(X, c)] by a cohomology class in H'^^^\B*). If X —> X is nontrivial, B* has 
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the homotopy type of the classifying space of Z/2 X Z^i(^'') ([n], Proposition 4.20). In 
contrast to the ordinary Seiberg-Witten theory, the moduh space Ai{X,c) may be non- 



orientable. (A necessary condition for M.{X, c) to be orientable will be given in ^2(iii^ 



In general, we can define the following Z/2- valued version of the Pin (2)-monopole 
invariants. 

Definition 2.8. The Pin~(2)-monopole invariant of {X,c) is defined as a map 

SWP"^(X, c) : H^'^^\B*] Z/2) ^ Z/2, 

given by 

SWP-(X,c)(0:= (e, [MiX,c)]). 

If b+{X;l) > 2, then SW^'"'{X,c) is a diffeomorphism invariant. If b+{X;l) = 1, then 
SW^™(X, c) depends on the chamber structure of the space of metrics and perturbations. 

Remark 2.9. The compactness of Ai{X,c) enables us to develop the Bauer- Furuta the- 
ory [2] for the Pin~(2)-monopole equations. In fact, we can define a stable cohomotopy 
refinement of the Pin~(2)-monopole invariants. This will be discussed elsewhere. 

2(iii). Orientability of the moduli spaces. The purpose of this subsection is to discuss 
the orientability of the moduli spaces. Let us consider the family of Dirac operators 
^Dirac = {DaIaga- [HJi §4, wc iutroduccd a subgroup /C^ in Q, which has the properties: 

. g/ic^ = {±1}. 

• K.^ acts on A freely, and A/lC-y can be identified with H^{X; \)/H^{X; I). 

Remark 2.10. Here 7 is a circle embedded in X on which / is nontrivial. The subgroup K,^ 
is the set of gauge transformations whose restrictions to 7 are homotopic to 1. 

Dividing Scurac by /C^, we obtain the family Scurac = ^ Dirac /^-y over A/fC^. 

Proposition 2.11. If the index of the Dirac operator is even and det ind 5/) j^ac trivial, 
then the moduli space is orientable. 



Proof. For a configuration {A, $), let us consider the sequence, 

— > Q\i\)®T{s+) (fi+(zA)©r(5-) > 0, 

where X(/) = {—2df, /$) and P(A,#)(a,0) = (i''"a — Dg$(0), + |p(ct)^), which are the 
linearizations of the gauge group action and the monopole map. Let V = fl^{iX) © r(5'"'"), 
and W={Q^® Q+){tX) © 1(5") and define 5(a,<i.) : V ^ W hj, 

Then the family 6 = {S(^A,<s>)}{A,<s>)ec defines a bundle homomorphism between the bundles 
over C, 

6: C xV ^ C xW. 

Restricting 6 to C* and dividing by Q, we obtain a bundle homomorphism over B* = C* /Q, 

6: C* XgV ^ C* Xg W. 



Pin- (2)-MONOPOLE INVARIANTS 



9 



The moduli space is orientable if det ind 6 is trivial. By deforming by 5(A,t</>) (0 < 

t < 1), we may assume 6 = {{d* © c?+) © Da}{a,'1>)€C- Since {d* © d~^) does not depend on 
{A, $), det md{d* © d~^) is trivial. Therefore it suffices to consider the Dirac family 

(2.12) 6' = {/^A}(A*)ec : C x r(5+) ^ C x 1(5-). 

Then f l2.12p can be identified with the pull-back of Soirac, via the projection p: C ^ A with 
p{A, $) = A. Dividing f l232|) by /C^, we obtain ^'//C: C x^^ r(5+) ^ C x^^ 1(5"). Note 
that C//C^ is homotopic to A/K,^. Thus ind(5'//C) is identified with p* md{6Dirac), which is 
trivial by the assumption. Hence det ind 5 is trivial if and only if det ((p* md{SDirac))\c*) / {^^}) 
over C*/g is trivial. Note that C*/g ~ RP°° xT''i(^''). Let r] C*/g be the nontrivial real 
line bundle which represents the generator of if^(]RP°°; Z2). Then by the assumptions, we 
see that det ((p* md{6 £)irac)\c*) / {^^}) — 77®'°*^^. Thus the proposition is proved. □ 

Remark 2.13. For instance, if bi{X;l) = and the Dirac index is even, then the moduli 
space is orientable. 

Note that H*{B*]Z)/Tot ^ /7*(T^i(^''); Z). Suppose the moduh space M{X) is ori- 
entable. Fixing an orientation, we can define Z- valued Pin~(2)-monopole invariants SW^^'^ 
by evaluating the fundamental class [A^(X)] by infinite-order classes ^ in H*{B*; Z): 

SWP-(X,c)(0 = (e, mX)]). 

2(iv). Pin~(2)-monopoles on untwisted Spin'^^-structures. Let us consider an un- 
twisted Spin'^- -structure c = (P, cr, r), i.e., a Spin'^" -structure on a trivial double cover- 
ing X X. Since P/Spin'^(4) ^ X = X x {±1}, there are two Spin'' (4) -reductions 
which induce two Spin'^-structures, c' and c". Then these Spin'^-structures c' and c" are 
mutually complex conjugate. (These two may be isomorphic.) In fact, the projection 
P P/ Spin''(4) = X X {±1} defines a Spin'^-structure on X x {±1}, and its restrictions 
to the connected components are mutually complex conjugate Spin'^-structures (see [T7] . 
§2(iii)). As real vector bundles, we have identifications among spinor bundles for c, c' and 
c", 

Also as real vector bundles, we have identifications among the M^- vector bundle associated 
to the characteristic 0(2)-bundle E of c and the determinant line bundles Lc' and Lc". If 
an 0(2)-connection A on is given, we have U(l)-connections A' and A" on Lc' and Lc" 
induced from A by reduction. As real operators, covariant derivatives of A, A' and A" can 
be identified, and therefore the Dirac operators induced from A, A' and A" can also be 
identified as real operators. Furthermore, it can be seen that Pin~(2)-monopole solutions 
on c can be identified with Seiberg-Witten solutions on c' and c" via the identifications 
above: 

Proposition 2.14. Let c be an untwisted Spm^~ -structure, and d and c" the Spin'^- 

structures which are its reductions. Then there are identifications among the set o/Pin-(2)- 
monopole solutions on c and the sets of Seiberg-Witten solutions on d and d' . Moreover, 
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at the level of moduli spaces, we have 

-^Pin-(2)(^,C) = A^U(1)(X,C') = A^U(1)(^,C"), 

where A^u(i) means the ordinary Seiberg-Witten {\J{1) -monopole) moduli spaces. 

2(v). Relation with the Seiberg-Witten invariants of the double coverings. Let 

us consider a Spin '^"-structure c on a nontrivial covering tt: X — )■ X. If we pull-back the 
Spin*^" -structure c to X, the pulled-back Spin'^" -structure c on X is untwisted. If P is the 
Spin'^" (4)-bundle for c, the projection P ^ P/ Spin'^ = X can be considered as a Spin'^(4)- 
bundle over X which defines a Spin^-structure c' over X which is obtained by reduction 
from c. Then 7r*P is identified with P XgpinC(4-) Spin'^~(4). The covering transformation 
i: X — )■ X has a natural lift T on c which is given by a Spin"^" (4)-bundle morphism of 
P Xspm-(4) Spin'^- (4) defined by l{[p, g]) = [p.J, J'^g] for [p, g] e P Xspin-(4) Spin'^" (4), where 
J = G Spin'^"(4) = Spin(4) X|_|_i} Pin^(2). Then there is a bijective correspondence 

between the configuration space of c and the space of ^-invariant configurations on c. If 
we interpret the objects on c in terms of the Spin'^-structure c' of reduction, the i-action 
is identified with the antilinear involution I defined in [17], §4(v). Thus we can identify 
configurations on (X, c) with /-invariant configurations on (X,c'). In particular, we have. 

Proposition 2.15 Proposition 4.11). There is a bijective correspondence between 

the set of Pin^ (2) -monopole solutions on (X, c) and the set of I -invariant Seiberg-Witten 
solutions on (X,c'). Moreover we have 

(2.16) 7Wpi„-(2)(X,c) ^ A^u(i)(^,5')'- 

Let us discuss the relation of the Pin~(2)-monopole invariants of X and the Seiberg- 
Witten invariants of X. Mimicking the arguments in |21] or [16], we can prove a formula 
which relates the Pin~ (2)-monopole invariants of (X, c) with the Seiberg-Witten invariants 
of (X, c') as follows. 

Theorem 2.17. If d{c) = and 6i(X) = 0, then 

(2.18) SW^^^\X, d') = J2 SWP"(^, c,) mod 2 

where SW^^^^^, 

c') is the Seiberg-Witten invariant of (X,c'), and c^ runs through all 
Spin^" -structures on X whose pull-back on X are isomorphic to c, the pull-back of c. Fur- 
thermore, if the Pm~ {2) -monopole moduli spaces are orientable, then the Z-valued Pin~(2)- 
monopole invariants SW^'° also satisfies the relation (12.181) . 

Remark 2.19. Since the /-action is free and d{c) = 0, the virtual dimension of the Seiberg- 
Witten moduli for (X, c') is also zero. 

Remark 2.20. The set of Co-'s as above is identified with 

{c + a\ae ker(7r* : H*{X; I) H*{X; vr*/))}. 
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Proof of Theorem \2.11\ In the /-equivariant setting, the moduh space M.\]{i){X,c) is de- 
composed into the /-invariant part and the free part. The /-invariant part is identified 
with A^pjn-(2)(-^, c) as in f l2.16p . On the other hand, if the free part is a 0- dimensional 
manifold, then the number of elements in the free part is even, because Z/2 acts freely. 
Now, the theorem follows if the equivariant transversality can be achieved by an equivari- 
ant perturbation. This issue is discussed in [T^. {Cf. It is easy to achieve the 
transversality on the free part. For the /-invariant part, on each point ^ G A^u(i)(-^, cY i 
let us consider the Kuranishi model f^: Hi H2, where Hi and H2 are finite dimensional 
/-linear vector spaces. Since the /-action on the base space X is free, the Lefschetz formula 
tells us that Hi and H2 are isomorphic as the /-spaces. Then fixing an /-linear isomor- 
phism L^: Hi ^ H2, we can perturb the equations /-equivariantly by using L to achieve 
the transversality around ^. □ 

Now, we can prove Theorem 11.81 and Theorem I1.16[ 

Proof of Theorem \l.S\ and Theorem \1.16[ There exists a Spin'^" -structure c on whose 
associated 0(2)-bundle is isomorphic to R© (//^ ® M). Then the associated Spin'^-structure 
c on the double cover K has a trivial determinant line bundle. Then SW^^^''(/r, c) is con- 
gruent to one modulo 2 by Morgan-Szabo [T?]. On the other hand, since bi{N; I) = 0, the 
Dirac index is even and d{c) = for the Spin'^" -structure c, the moduli space is orientable, 
and by fixing an orientation, Z- valued invariant is defined. Then, by Theorem I2.17^ there 
is a Spin'^- -structure c' such that SW^'°(A^, c') is odd. □ 

Remark 2.21. At present, the author does not know the exact value of SW^™(A^, c') for 
any homotopy Enriques surface N. 

2(vi). Gluing formulae. In this subsection, we state several gluing formulae for Pin~(2)- 
monopole invariants, which will be proved in later sections. The formulae have different 
forms whether the Spin'^" -structures are twisted or untwisted, and the moduli spaces con- 
tain reducibles or not. Since B* is homotopy equivalent to MP°° xT''^^^''^ for a twisted 
Spin'^--structure, we have an identification 

H*{B*; Z2) = /r*(RP°°; Z2) ® /r*(T^i(^''); Z2). 

Let 7] be the generator of //^(]RP°°; Z2). For local coefficients li and I2 over Xi and X2, 
if both of li are nontrivial, then we have 61 (Xi 7^X2; hi^h) = bi{Xi; li) + 61 (X2; ^2) + 1 by 
the Meyer- Vietris sequence. Hence, for X = Xi^X2 and / = hi^h, T^^^^''^'^ is written as 

^2 22) rpbi(X;l) _ rpbi(Xi;li) ^ rpbi(X2;h) ^ JJ^ 

where To is a circle. On the other hand, if one of k is trivial, then T^'^^^'''^ = t^t-(^t-'M x 
rpbi(X2;i2) ^ Let tfP be a generator of //f'i(^-'0(T6i(^i;'i)) for each i = 1,2, and to be a 
generator of H^(Tq). 

The first gluing formula is on the gluing of U(l)-irreducibles monopoles and Pin~(2)- 
monopoles. 

Theorem 2.23. Let Xi be a closed oriented connected A-manifold with a Spin'^ {untwisted 
Spin'^')- structure Ci which satisfies the following: 
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. 6+(X0 > 2, 

• the virtual dimension o/ A^u(i)(-^i) Ci) is zero, 

• SW^(^)(Xi,ci) IS odd. 

Let X2 he a closed oriented connected 4-manifold which satisfies the following: 

• There exists a nontrivial double covering X2 — > X2 with b^{X2;l2) = where 
h = X2 X{±i} Z. 

• There exists a Spiif' -structure 02 on X2 — > X2 such that Ci{EY = and the Dirac 
index is zero. 

Then, the Pin^ (2) -monopole invariant for (Xi#X2, Ci#C2) is nontrivial as 
Theorem 11.121 is a corollary of Theorem 12.231 

The second one is on the gluing of Pin~(2)-irreducibles and U(l)-reducibles, that is, a 
blow-up formula. 

Theorem 2.24 {Cf. [5l [181 E])- Let X be a closed A-manifold with a Spin^^ -structure c 
with > 2. Let d be a Spin'^ {untwisted Spm'^~) -structure on CP whose Ci is a 

generator ofH'^{CP^; Z). For every ^ e H'^^^\B*] Z/2), 

SWP^'^(X#CP', c#c')(0 = SWP-(X,c)(0. 
The third one is on the gluing of Pin~(2)-irreducibles and Pin~(2)-reducibles. 

Theorem 2.25. Let Xi be a closed oriented connected A-manifold with a twisted Spin'^"- 
structure c\ with b+{X;l) > 2, and X2 be a manifold in Theorem \2.23\ . Let I be the local 
coefficient associated with Ci#C2. Then, for any ^ G H*{B*{Xi)) , 

SWP^'^(Xi#X2, ci#C2)(e ® ® to) = SWP^^(Xi, ci)(0. 

If 4-manifolds Xi and X2 have positive 6+, then the Seiberg-Witten invariants of Xi^X2 
are always 0. Likewise, Z2-valued Pin~(2)-monopole invariants have similar properties. 

Theorem 2.26. Let Xi be a closed oriented connected 4-manifold with a twisted Spin*^"- 
structure Ci with > 1. Let X2 be a closed oriented connected 4-manifold with a 

(twisted/untwisted) Spin^^ -structure C2, and suppose one of the following. ■ 

(1) 6_|_(X2) > 1 and 02 is an untwisted Spin'^' -structure on X2 with d{c2) = 0. 

(2) C2 is a twisted Spm'^~ -structure on X2 with 6+(X2; I2) > 1- 

Then SW^^''(J\:i#X2, ci#C2)(0 = for any class ^ G H*{B; Z2). 

On the other hand, Z- valued invariants can be nontrivial for a connected sum Xijj^X2 
with positive li) and 6+(X2; h)- This implies Theorem II. 171 

Theorem 2.27. Let n be any positive integer. For i = 0,1,..., n, let Xi be a closed 
oriented connected 4-manifold with a twisted Spin'^" -structure Ci satisfying 

• b^{Xf,k) = 0, b+{Xf,k)>2. 

• d{ci) = 0, and 
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• the index of the Dirac operator is positive and even. 
Note that in this situation, the moduli space Ai{Xi,Ci) is orientahle, and the "L-valued 
invariant SW|™(Xj,Cj) is defined for a choice of orientation. Let nii = SW^^^{Xi,Ci). 
Then the glued moduli space M.{Xq^ ■ ■ ■ i^Xn, Ci^^ ■ ■ ■ 7^c„) is orientahle, and 

n 

SWP'"(Xo# ■ ■ ■ ci# ■ ■ ■ #c„)(t*°P) = 2" n m,, 

1=0 

for a choice of orientation and a generator G iJ^i(T^i; Z). 

Proof of Theorem \l . For each (NiJi), we have bi^XfJi) = and b+^XfJi) = 2. By 
Theorem 11.161 there is a twisted Spin'^" -structure q such that d{ci) = 0, the Dirac index 
is 2 and SW^™(Xj,Cj) is odd. Then the theorem follows from Theorem 12.271 □ 

2(vii). Proof of Theorem 11.11 In this subsection, we prove Theorem 11.11 by assuming 
Theorem 12.231 

Proof of Theorem \l.l[ Let (X2,/x2) be as in Theorem 11.121 Then this satisfies the condi- 
tions for X2 in Theorem 12.231 

For given n, required exotic structures on E{n) can be constructed by both of logarithmic 
transformation (see e.g., [H]) and Fintushel-Stern's knot surgery [6]. 

First, we discuss on the case of logarithmic transformation. Let E{n)p,q be the log 
transformed E{n) with two multiple fibers of multiplicities p and q. For odd n, all of E{n)p,g 
with gcd(j9, g) = 1 is homeomorphic to E{n). On the other hand, for even n, E{n)p,q is 
homeomorphic to E{n) if and only if gcd(p, q) = I and pq is odd. Let / G H^{E{n)p^q) be 
the Poincare dual of the homology class of a regular fiber. Then there is a primitive class 
/o with / = pqfo, and the Poincare duals fp and fg of the multiple fibers of p and q are 
given by fp = qfo and fq = pfo- If we put 

D{a,b,c) = af + bfp + cfq, 

then, for n > 2, the canonical class K is given a.s K = D{n — 2, p — 1, g — 1). The Seiberg- 
Witten basic classes are given by i^' — 2D{a, b, c), where 0<a<?T, — 2, 0<6<p — 1, 
< c < g — 1, and the value the Seiberg-Witten invariant for the class K — 2D [a, b, c) is 

SWUW(E(n)p,„ K - 2D{a, b, c)) = (-1) 

which is independent on b and c. Similar facts hold for the case when n = 1. In general, 
the number of basic classes whose Seiberg-Witten invariants are odd is changed if p and q 
are varied. By using these facts together with Theorem 12. 23^ we can find infinitely many 
{p,q} such that E{n)p^q^X2 have different numbers of basic classes for Pin~(2)-monopole 
invariants. 

For a knot K, let E{n)K be the manifold obtained by the knot surgery on a regular fiber 
T with K. If we consider the Seiberg-Witten invariant as a symmetric Laurent polynomial 
as in the invariant of E{n) is related to that of E{n)K by 

SW^!l=SWSS-Ax(t), 
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where t = exp(2[T]) and Axit) is the (symmetrized) Alexander polynomial of K. Now, let 
Xk = E{n)K, and let us fix a Spin'^" -structure C2 on X2 as in Theorem I2.23[ and consider 
a function of Pin~(2)-monopole invariants of XKi^X2, 

SWS#{x.,c.) : {h e H\Xk; Z)\h = W2{X) mod 2} ^ Z^, 

which is defined as 

SW^;:#(x„c.)(/^) = SWP-(Xx#X2,c(/i)#C2)(r7®t*°P), 

where c{h) is the Spin'^-structure on X^ with ci = h. If we assume SW5'^_^(X2,C2) ^ ^2- 
coefficient polynomial, then Theorem 11.121 implies that SW^^^^j^^ 02) Z2-reduction 
of the Z-coefficient polynomial SW^I^"*-)^. Then we can find infinitely many K so that 
SW^°#(^,,,,) are different. " □ 

3. Pin (2)-monopole theory on 3-manifolds 



Sections 3-5 are devoted to the proof of the gluing theorems in ^2(vi) , and this prepara- 
tory section is on the Pin~(2)-monopole theory on 3-manifolds. We refer to [131 [7] for the 
Seiberg-Witten counter part of the topics in this section. 

3(i). Spin'^" -structures on 3-manifolds. Let us define the group Spin^"(3): 

Spin^-(3) = Spin(3) X|±i} Pin-(2) = Sp(l) X{±i| Pin-(2). 

Let Y be an oriented closed connected Riemannian 3-manifold, and F{Y) its S0(3)-frame 
bundle. Suppose a double covering F — )■ F is given. A Spin"^" -structure on F — >■ F is a hft 
of the S0(3)-bundle F{X) to a principal Spin^~ (3)-bundle P with an identification that 
P/ Spin^(3) = Y. The characteristic 0(2)-bundle E is the 0(2)-bundle associated to P via 
the homomorphism Spin'^"(3) — i- 0(2). 

Remark 3.1. As in the 4-dimensional case, if F — )■ F is trivial, then a Spin '^"-structure on 
F — 7- F can be reduced to a Spin'^-structure on F, and is called untwisted. 

Let us define the action of Spin (3) on ImH by 

[q, u] ■ V = qvq~^, 

for [q,u] G Spin'^"(3) and v G ImH. Then the associated bundle P Xspm'^-(3) ImH is 
identified with the tangent bundle TF. Let us define the Spin'^" (3)-action on H by 

[q,u] ■ i) = qijju'^, 

for [q,u] G Spin'^"(3) and ip eM. Then we obtain the associated bundle S = P Xspin''-(3) H 
which is the spinor bundle for the Spin '^"-structure. 

The Clifford multiplication is defined as follows. The identity component of Spin'^"(3) 
is a Spin'^(3), and the quotient group Spin^"(3)/ Spin'^(3) is isomorphic to {±1}. Let C_ 
be a copy of C with the {±l}-action by complex conjugation. Then Spin'^"(3) acts on C_ 
via the projection Spin (3) — )■ Spin (3)/ Spin^(3) = {±1}. If we define 

po: (ImH) ®K C_ X H ^ H 
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by pq{v ® a^ip) = vipa, then po is Spin'^-(3)-equivariant. Let K = Y y<{±i} C_. Then we 
can define the Chfford multiphcation 

p: T*Y ^Hom(5,5), 

which induces 

p: Q\Y;K) x r{S) ^r{S). 

Note that K = R®i\, and so fi^F; K) = n\Y; R)®n^{Y; Ahhough the spinor bundle 
S does not have an ordinary hermitian inner product, the pointwise twisted hermitian 
product 

(3.2) {■,-)k,.: S^xS,^ 

is defined. For a ® 1 G T*Y ® K, the image p(a ® 1) is a traceless endomorphism which is 
skew-adjoint with respect to the inner product (13. 2p . The whole image of T*Y by p forms 
the subbundle of Hom(S', S'), which we write as su(5'), equipped with the inner product 
^tr{a*b). When {ei, 62, 63} is an oriented frame on A^{Y), we assume the orientation 
convention 

P(ei)p(e2)p(e3) = 1. 

We extends p to forms by the rule, 

p{a A /3) = ^(p(a)p(/3) + (-1)^^^^^^^^ p{^)p{a)). 
The orientation convention implies p{*a) = — p(a) for 1-forms. 

3(ii). Pin~(2)-monopoIe equations on 3-manifoIds. Fixing an 0(2)-connection B on 
E and together with the Levi-Civita connection, we obtain a Spin^" (3)-connection on P, 
and we can define the Dirac operator Db '■ r(S') — )■ r(5') associated to B. 

The bundle A^(Y) (g)^ iX is also associated with P as follows. Let e: Pin~(2) — )■ 
Pin"(2)/U(l) = {±1} be the projection, and let Spin'^-(3) act on ImH by 

t> G ImH — !■ e{u)qvq^^ for [q^u] G Spin'^-(3). 

Then A^iY) ®^ iX is identified with P Xspin^.^-g^ ImH. For E M, ipiip is in ImH. Then 
the map G EI — t- ipiil) G ImH is Spin'^" (3)-equivariant, and induces a quadratic map 

q: T{S) -> Q}{Y-iX). 

For a closed 2- form 77 G f2^(iA), the perturbed Pin~(2)-monopole equations on Y are defined 

as 

r Db"^ = 0, 

(3.3) I 1 

\—^{<FB + n)) = q{n 

for 0(2)-connections B on E and \I' G r(5'). The gauge transformation group is given by 

= r(Fx|±i} u(i)), 

where {±1} acts on U(l) by complex conjugation. 
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Remark 3.4. If the Spin'^ -structure is untwisted, then the 3-dimensional Pin (2)-monopole 
equations are also identified with the 3-dimensional Seiberg-Witten equations. 

3(iii). Pin^(2)-Chern-Simons-Dirac functional. Choose a reference 0(2)-connection 
Bq on E. Let A{E) be the space of 0(2)-connections on E, and C = A{E) x r(S'). 

Definition 3.5. Let rj he a. closed 2-form in i7^(A). The (perturbed) Pin^(2)-Chern- 
Simons-Dirac functional C — )■ R is defined by 

(3.6) i^{B, ^) = j^{B - Bo) A {Fb + Fb, + ir]) + \ _/^(^^^' ^)Kdvolr. 

A few comments on the definition. For a G Q}{iX) and /3 G i7^(iA), a A /3 is in VL^(Y\ R) 
since A*^^ is trivial. The inner product (■, ■)ir is the real part of (13. 2p . 

The tangent space of C at (-B, \l/) is T(b,<I')C = Vi^iiX) © r(S'). We equip the tangent 
space with an metric. Then the gradient of d with respect to the L^-metric is given by 

Vi9= Q(*(FB + ^r/)) + g(^),DB^) ■ 

Hence the critical points of d are the solutions of the Pin~(2)-monopole equations on Y . 

For g & Qy, g~^dg is an zA- valued 1-form, and the A- valued 1-form ^g~^dg represents 
an integral class [g] G H^(Y; I) /Tor. 

Proposition 3.7. For {B, ^) G C and g G Gy, 

i^{g{B, M/)) - i3iB, M/) = 2ni[g] U {7rc,{E) - M)[r], 
where [rj] G H'^{Y\ A) is the de Rham cohomology class of rj. 

3(iv). Nondegenerate critical point on 5*^. Here, we suppose Y = with a positive 
scalar curvature metric. Since is simply-connected, every Spin'^" -structure is untwisted. 
This is unique up to isomorphism and identified with a unique Spin '^-structure. For a 
positive scalar curvature metric, every monopole solution is a reducible one, say (^,0), 
which is unique up to gauge. Furthermore, the kernel of the Dirac operator Dg is trivial. 
Since the index of Dg is 0, the cokernel is also trivial, and this implies {6, 0) is nondegerate. 
The stabilizer of {9, 0) of the gauge group action is denoted by F^: 

Te = {ge Map(S=^; U(l)) | giO, 0) = {9, 0)}. 

Note that Tg = S\ 

4. Pin~(2)-monopoles on a 4- manifold with a tubular end 

In this section, we continue the preparation for gluing, and discuss on finite energy 
Pin~(2)-monopoles on 4- manifolds with tubular ends. We refer to [3j as well as [131 E]- 
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4(i). Setting. Let X be a Riemannian 4-manifold with a Spin'^- -structure containing a 
tubular end [—1, oo) x Y, where F is a closed, connected, Riemannian 3-manifold with a 
Spin'^--structure. More precisely, suppose we are given 

(1) an orientation preserving isometric embedding i: [—1, oo) x Y ^ X such that 

X* = X\i{{t, oo) X Y) 

is compact for any t > —1, 

(2) an isomorphism between Spin'^' -structure on [—1, oo) x Y induced from Y and the 
one inherited from X via the embedding i. 

Remark 4.1. If the Spin'^" -structure on X is twisted but its restriction on the tube [—1, oo) x 
Y is untwisted, then the double cover X has two tubular ends. 

Later we will define weighted Sobolev norms on various sections over X. For this purpose, 
let us take a C°°-function i;; : X — R such that 

f 1 onX-^ 

(4.2) w(t) = < ^ 

^ ^ ^ ^ I e"* for (t, y) E [0, oo) x F 

where a is a small positive number which will been chosen later to be suitable for our 
purpose. For p(> 2) and a nonnegative integer k, the weighted Sobolev norm of a section 
/ (e.g., a form or a spinor) on X is given by 

ll/lUr = W^fhi- 

Let Xi and X2 be 4-manifolds with tubular ends as above with isometric embeddings 

ii : [-1, 00) X F Xi, i2 : [-1, 00) x F X2, 

where Y is Y with opposite orientation. For T > 0, let X*^ be the manifold obtained by 
gluing Xf^ and X|-^ via the identification 

iiit,y) ~ 22(2r - t,y). 

Then we naturally have an isometric embedding of a neck : [— T, T] x F — )■ X*-^. (Here, 
the negative side is connected to X° and the positive side to X^.) When we take functions 
wi, W2 as (14.21) . a continuous function wt- — > M is induced by gluing wi and such 
that 

(4.3) WT{t) = e"(^-l*l) 

for (t, y) G [— T, T] x Y . For the sections over X*-^, we will use the weighted norm 

ll/ll^p.™^ = WwrfWil- 
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4(ii). Exponential decay. Since a Pin~(2)-monopole on an untwisted Spin'^" -structure 
is identified with an ordinary Seiberg-Witten monopole, the estimates for Seiberg-Witten 
monopoles on a cyhnder [0, oo) x Y hold for Pin~(2)-monopoles on an untwisted Spin*^"- 
structure. In particular, exponential decay estimates hold. We invoke the results due to 
Froyshov (In fact, the following theorems (Theorem 14.41 and Theorem 14. 5p can be 
proved for Pin~(2)-monopole on a twisted Spin^"-structure.) 

Let /3 be a nondegenerate monopole over Y, and U C By is an L^-closed subset which 
contains no monopoles except perhaps [/?]. Put = kerX^. When Hp is the Hessian 
at (3, let be the restriction of if/3 to i^^. Hp = H^lxp '■ Kp — )■ Kp. Note that, if (3 be 

nondegenerate, then there exist positive numbers such that Hp has no eigenvalue in 
[-A^,A+]. Define = [t - 1, t + 1] x y. 

Theorem 4.4 ([7J, Theorem 6.3.1.). For any C > 0, there exist constants e and Ck for 
nonnegative integer k such that the following holds. Let x = {A, $) be a monopole in 
temporal gauge over (—2, oo) x Y such that x(t) G U for some t > 0. Set 

^ = l|V'i9||L2((^2,oo)xy), i^it) = ||V^9||l2(b^). 

// ||$||oo < C and v < e then there is a smooth monopole a over Y , gauge equivalent to P, 
such that if B is the connection part of 7r*a then for every t > 1 and nonnegative integer 
k one has 

sup |V|(x - n*a)\^t,y) < Ck^/^e-^^'. 

yeY 

Theorem 4.5 ([7j, Theorem 6.3.2.). For any C > 0, there exist constants e and Ck for 
nonnegative integer k such that the following holds for every T > 1. Let x = {A, $) be a 
monopole in temporal gauge over the band [— T — 2, T + 2] x y such that x{t) G U for some 
te [-T-2,T + 2]. Set 

^ = l|V?9||L2([-T-2,T+2]xy), ^{t) = \\Vl3\\L2{Bt)- 

// ll'^'lloo < C and u < e then there is a smooth monopole a over Y, gauge equivalent to 
13, such that if B is the connection part of n*a then for every t < T — 1 and nonnegative 
integer k one has 

sup |V|(x - 7c*a)\^t,y) < CuH-T) + u{T)Yl\~^^^^-\'\\ 

Remark 4.6. An easy way to prove similar (but possibly weaker) estimates for Pin~(2)- 
monopoles on twisted Spin'^" -structures is lifting everything to the double cover (0, oo) x Y 
on which the corresponding Spin'^" -structure is untwisted and applying the estimate for 
the Seiberg-Witten monopole as above. Of course, we can prove such results for Pin~(2)- 
monopoles by adapting the arguments in |7] mutatis mutandis. 

4(iii). Energy. Let Z he a Riemannian Spin'^" -4- manifold possibly noncompact or with 
boundaries, such as X with a tubular end, or its compact submanifolds X* or a compact 
tube [a, b] x Y. Let yU be a closed 2- form in f2^(iA), and assume n is the pull-back of rj on 
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the tube. For configurations {A, $), we define the energy by 
where s is the scalar curvature. 

Proposition 4.7 ([13j, Chapter II and Chapter VIII). (1) // (A, $) is a monopole on 
Z = X'^ with a finite cylinder (— 1,T] x Y near the boundary Y , then 

8{A, $) = 1 / (F^ - ^) A {Fa - /i) - / ($|y, /^i.($|y)), 

where B is the boundary connection induced from A. 

(2) // (A, $) is a monopole on [to^^i] x Y in temporal gauge, then 

^SiA, $) = ^{A{t,),^t,)) - ^{A{to), $(to)). 

4(iv). Compactness. 

Proposition 4.8 ([13], Theorem 5.1.1). Let Z be a compact Riemannian Spin'^~ -4-manif old 
with boundary. Suppose there exists a constant C so that a sequence {A^, $„) of smooth 
solutions to VrnT {2) -monopole equations satisfies the bound £{An,(^n) < C. Then there 
exists a sequence Qn of {smooth) gauge transformations with the following properties: after 
passing to a subsequence, the transformed solutions gn{An,^n) converges weakly in L\ to 
a L\- configuration (A, $) on Z, and converges strongly in C°° on every interior domain 
Z' C Z. 

Corollary 4.9. Let xit) = {A(t), $(t)) be a smooth monopole on [—1, oo) xY in temporal 
gauge. If £{A, $) is finite, then [x{t)] converges in By to some critical point as t oo. 

Proof. By translation, {At,^t) = (^j '^')|[r-i,T+i]xy can be considered as a monopole on 
[—1,1] X Y. Let Tn be any sequence with T„ — )■ oo as — )■ oo. Since £{A,^) is finite, 
£{At„,^t„) — )■ as n — )■ oo. Then, after some gauge transformations, we may assume 
{At„, $t„) converges in C°° on (—1, 1) x Y to the pull-back of some critical point. From 
this, the corollary is proved. □ 

Proposition 4.10. Let X be a Spin^" -A-manifold X with an end [—1, oo) xY . If a smooth 
monopole {A, $) over X has a finite energy S{A, $), then we have either 

$ = 0, or ||<l>||co < inf s(x) + 4||/i||co, 
where s is the scalar curvature of X . 

Proof. By Corollary 14. 9[ we may assume (A,^) converges to a monopole {B,"^) on Y. If 
|$| takes its maximum on X, then the argument in [12], Lemma 2, implies the proposition. 
Otherwise we have ||$||c" = ll^llco- Since {B,'^) is a 3-dimensional monopole, also 
satisfies ^ 

v|/ = or ||\I^||co < — inf s(y) + 4||?7||co. 

2 yeY 

□ 
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4(v). Weighted Moduli spaces. Let X be a Spin'^"-4-manifold with the end [—1, oo) x 
S^. Let us fix a smooth reference connection A° which is the pull-back of 6 on the tube 
[0, oo) X S^. For later purpose, we choose p so that 

(4.11) 2<p<4. 

We consider the space of configurations 

= + a, $) I a G Lr(A'(^A)), $ G ^^(5+)}. 

Let us consider the set of gauge transformations 

g^ = {9e T{X X{±i} U(l)) I Vo9 G LD, 

where Vo denotes the covariant derivative of A'^. We can prove, 

Proposition 4.12 ([3], §4.3, Cf. [7] Chapter 2). (1) is a Banach Lie group which is 
modeled on the Lie algebra 

ig^ = {^en\iX)\Vo^eLr}. 

with the norm 

lieil = l|VoeiU- + |^MI, 

where xq E X is a fixed base point. 

(2) Each element g E tends to a limit in Tg at infinity, and therefore the evaluation 
map is defined: 

ev: g^" ^Tg. 

Remark 4.13. The group is topologized as follows: For the base point Xq, the funda- 
mental neighborhoods of the identity are given by 

Ue = {ge g^" I WVoghr < lai^o) - i| < s}. 

Let g^ be the kernel of ev. Then g'^/g^ = Fg. Now the Lie algebra of is given by 

L^o" = ^r(A°(^A)). 

For a configuration {A, $) G C", the infinitesimal ^,^-action is given by the map 

X$: Lr(AO(a)) ^ Lr(A'(^A) © 5+) 

defined by X$(/) = (— c?/, /$). When X|, is the formal adjoint of X$, the adjoint of X$ with 
respect to the weighted norm is given by 

This gives the decomposition (C/. [7j): 

Lr(A^(a) © S+) = (kerXj" C L?''") © X$(Lr)- 

Since the ^^-action on is free, the quotient space B'" = C^/g^ is a Banach manifold, 
with a local model 

T[(^,$)]^"^ = kerXr nLr- 
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The Pin (2)-monopole map is defined as 

Q-.r^ LP''"{k+{i\)®S'), 
Q{A,^) = {FX-qm-^l,DA^). 
The moduh space is defined by = ©"^(0)/^'". 
Proposition 4.14. The moduli space Ai is compact. 

Proof. Let [{An, $n)] be any sequence in A^. In general, one can prove that the sequence 
has a chain convergent subsequence. (fS], Chapter 5 and [7], Chapter 7.) Since there is 
only one critical point onY = S^, the subsequence converges in A^. □ 

The differential of O at a; = {A, $) is given by 

I)(A,<i.) = DQ: Lr(A'(^A) © S+) ^ LP'"'(A+(zA) © S~), 

P(A,$)(a, 4>) = {d+a - Dq^{(P), Da<P + ^p(&)$), 
where Dq<^ is the differential of q. Then 
(4.15) P(a,-,)oX$(/) = (0,/Da$). 

Therefore, if (v4, $) is a Pin~(2)-monopole solution, then 'P(a,4>) °I<i>{f) = 0, which forms 
the deformation complex: 

> Lr(AO(a)) Lr(A'(^A)©S+) Lf'-(A+(a)©5-) > 0. 

The cohomology groups are denoted by i/^^ ^-^ . 

The monopole map defines a Fg-invariant section of a bundle over whose lineariza- 
tion is given by X^^ © ©(a,*)- When Y is the standard S^, the virtual dimension of the 
moduli space "framed at infinity" Al = Q^^{0)/Gq C is given by 

ind+(X; © X'(A,$)) + dimTe = d{c) + 1, 

where d{c) is in (12. 7p . The genuine moduli space is Al = Af/Fg whose virtual dimension 
is d{c). In general, Al and A4 are not smooth manifolds, and we need to perturb the 
equations. Before that, we introduce several terms. 

Definition 4.16. The moduli space Al (or Al) is said to be with vanishing i-th cohomology 
if all of elements [{A, $)] of Al (or Al) have H'^^^^^) ~ ^- particular, 

• Al is said to be regular if all of elements [{A, $)] of Al have if^^^ = 0. 

• Al is said to be acyclic if all of elements [{A, $)] of Al have H^^ $) = for A; = 0, 1, 2. 

Remark 4.17. If Al contains no reducibles, then Al is with vanishing 0-th cohomology. But 
the converse is not necessarily true, because the stabilizer of a Pin~(2)-monopole reducible 
[(A, 0)] on a twisted Spin'^" -structure is {±1}, and then H^^o) ~ ^■ 

If 6+(X;/) > 1, by perturbing the equation by adding a compactly-supported self-dual 
2-form as in (12. 5p . we obtain a smooth Al: 
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Theorem 4.18 Proposition 8.2.1). Suppose b^{X;l) > 1. For generic compactly- 
supported self-dual 2-forms, by perturbing the equations as in (12. Sp . the perturbed moduli 
space M. is regular and contains no reducibles, and therefore is a smooth manifold of 
dimension d{c) + 1. Then M. is a smooth manifold of dimension d{c). 

For the proof of Theorem 12.231 wiU need cut-down moduh spaces as in [T7], §4(viii). 
Let us define Ai — t- A/Q by [{A, $)] [A]. For a G A/Q, the cut-down moduli space is 

= Mn7i-\a). 

Theorem 4.19. Let X be a closed oriented connected A-manifold with a twisted Spin'^"- 
structure satisfying that I) = 0, ci{EY = and the Dirac index is 0. For a generic 

choice of a & A/Q and a compactly- supported self-dual 2-form, the cut-down moduli space 
Ai*-^ is regular, and therefore Ai^ consists of one reducible point and finite number of 
irreducible points. 

Proof. The proof is similar to that in [T7], §4(viii). Due to the noncompactness of X, we 
need to modify the following point: Note that A^*" contains a unique reducible class 
for every choice of compactly-supported self-dual 2-form /i. 

Claim. Let R be the set of compactly-supported self-dual 2-forms such that -Dyi(^) is sur- 
jective, (and hence, of course, also injective). Then R is open-dense. 

The proof of the claim is similar to that of Lemma 14.2.1 of [7]. With this understood, 
the rest of the proof of the theorem is similar to [17]. □ 

5. Proofs of gluing formulae 

The purpose of this section is to give proofs of the gluing formulae in ^2(vi) 



5(i). Gluing monopoles. Let Xi and X2 be Spin'^'-l-manifolds with ends [— l,oo) x Yi 
and [— 1,00) X Y25 where Yi = F2 = S^. Fix a reducible solution (6*, 0) on S*^, and choose 
a C°° reference connection on each Xi which is the pull-back of 9 on the tube. Let 
Xi = (Aj, $j) be finite energy monopole solutions on Xi [i = 1,2). Furthermore, we also 
suppose H^_^ = H^^ = 0. We assume each Ai is in temporal gauge on the tube, and if 
necessary, consider it as a one-parameter family of connections 6 -\- ai{t) on the tube. The 
spinors are also considered as one-parameter families $i(t) on the tube. 

Now, we construct an approximated solution on X*"^ from {Ai,^i) and {A2,^2) by 
splicing construction. Let us choose a smooth cut-off function 7, with •yit) = 1 for t < 
and 7(i:) = for t > 1. Let us define x[ = {A[, over Xi by 

A[ =^ + 7(t-r + 3)ai(t), 

$;=7(t-T + 3)$i(t). 

We define X2 = {A'2, $2) over X2 in a similar fashion. 

Fix an identification of the Spin^" -structures on [0, 2T] x Yi and [0, 2T] x Y2 with respect 
to 6. Note that the Spin'^'-structures on the tubes are untwisted, which can be considered 
as ordinary Spin'^-structures. The all possibilities of such identifications are parameterized 
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by Tg, which are called the gluing parameters. If we fix an identification (Tq, then the other 
identifications are indicated as cr = exp(t')cro for v G LieTg = iM.. For an identification a, 
we can glue x[ and via a to give a configuration over X*-^. The glued configuration is 
denoted by 

xV) = (^V),<^>V))- 

Then it is easy to see the following 

Proposition 5.1. For each i = 1,2, let Fj be the stabilizer of the monopole Xi. Then 
x'{ai) and x'{a2) are gauge equivalent if and only if [cxi] = [0-2] in Fe/(Fi x F2), where Fj 
are the stabilizers of Xi. 

Let Gl = F6i/(Fi X F2). Let us define the map J: Gl — )■ i3(X*^) by the splicing construc- 
tion above: [a] H- [a;'(cr)]. If H"^^ = H"^^ = and T is sufficiently large, then we can find in 
a unique way a monopole solution x{a) on X*^ near the spliced configuration x'{a). (The 
construction is explained in the Appendix.) Then we have a smooth map 

(5.2) /: Gl ^ M{X*^), [a] ^ [x{a)]. 

Before proceeding, we give another description of the spliced family {[2;'(c'")]} foi' gluing 
parameters a G Tg. According to the definition of x'(cr), for different cr, x'{a) are objects 
on different bundles parameterized by a. It is convenient if we can represent all [x'(cr)] as 
objects on a fixed identification, say ctq, of bundles. This is also done in [3], §7.2.4, in the 
ASD case. 

Recall X*^ = X° U ([-T, T]xY)U X^, and Xf^ and X|^ are assumed to be embedded 
in X*^. Choose a smooth function Ai on X*^ such that Ai = 1 on X?, Ai = on X^ and 

fl -T<t<-l,yeY, 
^^('^y^ = \0 l<t<T,yeY, 

and satisfies |VA| = 0(1). Define another function A2 on X*-^ by A2 = 1 — Ai. Let 
V G LieTg = zR, and a = croexp(f). Define gauge transformations hi and /i2 on X*^ by 

hi=exp{X2v) 
/i2 =exp(-Ait;) 

Note that hih2^ = exp(Ai + A2)f = expv. Then hix[ = h2X2 over [—2,2] x y on which 
x[ and X2 are fiat, and therefore we can glue them. The glued configuration is denoted by 
x'{ao,v). Then, by definition, it can be seen that x'{a) and x'{ao,v) are gauge equivalent. 
Often, we will not distinguish these two, and use the same symbol x'{a). 

5(ii). Gluing map. The gluing construction fl5.2p can be globalized to whole moduli 
spaces. In fact, we can define the map 

S: ^(Xi) xr, ^(X2) ^ A^(X#^), 

for sufficiently large T. (See the Appendix.) 
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Theorem 5.4. Let Xi and X2 be Spin'^'' -A-manif olds with ends [—1, 00) xYi and [—1, 00) x 
Y2, where Yi = Y2 = S^. {The Spiif' -structures may be twisted or untwisted.) Suppose 
that A4{Xi) are regular and A^(Xi) contains no reducibles. Then there exists a large T 
such that the gluing map 3 is a homeomorphism, and M. {X'^'^) is regular and contains no 
reducible. Furthermore, the following hold: 

• Restricting to outside of the quotient singularities of reducibles, E is a diffeomor- 
phism. 

• If each M{Xi) consists only of reducibles or irreducibles, then S is a diffeomor- 
phism. 

We note the foUowing special case. 

Corollary 5.5. Suppose Xi is a Spin'^^ -4-manif old with the end [—1, 00) x whose mod- 
uli space A4.{Xi) is regular and contains no reducibles. Suppose X2 is a Spiif {untwisted 
Spm^~)-4-manifold with the end [— l,oo) x 5''^ which is diffeomorphic to either of the fol- 
lowing 

• an open 4-ball with the standard Spin^- structure, or 

• CP \ D'^ with the Spin'^- structure whose ci is a generator of H'^{X2\ Z). 
Furthermore X2 is supposed to be equipped with a metric whose scalar curvature is bounded 
below by a positive constant. Then S induces a diffeomorphism 

M{Xi)^ M{X*^). 

The proofs for these are similar to those of the corresponding theorems in the Seiberg- 
Witten and Donaldson theory ([H El E] etc.). A proof based on [U |3] will be explained in 
the Appendix. 

5(iii). The images of the map /. To prove the gluing formulae, we want to know what 
is the homology class of the image of / in H^{B). The homology class depends on whether 
each of the Spin*^" -structures on Xi and X2 is twisted or untwisted, and whether each 
of monopoles xi and X2 is irreducible or not. We call an irreducible/reducible monopole 
on a twisted Spin'^" -structure Pm~ {2) -irreducible/reducible, and an irreducible/reducible 
monopole on an untwisted Spin"^" -structure '[J{1) -irreducible /reducible. We assume that at 
least one of Spin'^" -structures of Xi is twisted. Then i3(X*^) is homotopy equivalent to 
MP°° xT^i^^*"^;'). Let T] be the generator of H^{WP°^] Z2). For monopoles xi and X2 on Xi 
and X2, let C be the image of I. Suppose xi and X2 are not U(l)-reducible. Then C is a 
circle. 

Theorem 5.6. For the homology class [C] G Hi{B\'L) of C , we have the following: 

(1) If Xi is a Pm~ {2) -reducible and X2 is a \J{1) -irreducible, then {rj, [C]2) 7^ 0, where 
[C]2 e Hi{B*; Z2) is the mod-2 reduction of [C]. 

(2) If Xi is a Pm~ {2) -irreducible and X2 is a \J{1) -irreducible, then [C] = [C]2 = 0. 

(3) If Xi is a Pin~ {2) -reducible and X2 is a Pm~ {2) -irreducible, {to,[C]) = ±1 for a 
generator to G H\To;Z). {See (fX^.) 

(4) // both of Xi and X2 are Pin~ {2) -irreducibles, then (tg, [C]) = ±2. 
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Before proving the theorem, we give some prehminaries. In the following, we simplify 
the notation as ^ = Qo — Qq and K, — JCj. Let JCo — JCf] Qq. For each i — 1,2, let Si 
be the set of solutions which are ^-equivalent to Xi. Now, we prove the assertions (1) and 
(2). 

Proof of (1) and (2) . We have a commutative diagram whose vertical and horizontal arrows 
are exact: 

1 1 



{±1} 



1 > Qo 



1 > /Cn 



{±1} 



^ Q 



1, 



-> 1, 



1 1 

We also have the following diagrams of various quotient maps: 



<Si//C, 






S2/G0 




By definition, Si/Q and S2/Q are one-point sets. Then S2/Q0 is a circle on which Te acts 
freely. Hence, C — Im I can be written as 

(5i//Co) xr, {S2igo) 



C^{S,/Go) xr« {S2IG0) 



{±1} 



(5i//Co)/{±l}. 



First, let us consider the case of (2). In this case, Q acts on Si freely. Therefore Si/ICq = 
T0 X {±1}, and we can see that the homology class of C is zero. In the case of (1), 
each element of »Si has the stabilizer {±1} C Q. Since ^0 H {±1} = {!}, we see that 
Si/Go = rg/{±l} and [C] is the generator of //i(RP°°; Z2) = Z2. □ 

In order to prove the assertions (3) and (4), we first consider the gluing of connections. 
For each i = 1, 2, let be a connection on the characteristic bundle Ei for q. Let us 
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consider spliced connections Ai#o.^2 on E = Eijj^^E2 as in ^5(i) , where cr G are gluing 
parameters. Note that ^17^0-^2 is gauge equivalent to Ai7^_o-A2, where —a = cxexp-Ki. 

Lemma 5.7. Let S = {[^i#o-^2]}crGre/{±i} ^ A{E)/Q be the set of gauge equivalence 
classes of the family {Ai^„A2}aere- Then S represents a primitive class in Hi{A{E)/Q; Z) = 

b' 

■ {The primitive class represented by S is the dual o/to-) 
Proof. Let us fix ctq ^ as based point, and the spliced connections Ai^„A2 for other a 



are constructed by using (15.31) as in ^5(i), For a G Fg, Ai^^A2 and Ai^_^A2 are gauge 
equivalent by the gauge transformation g such that 

r 1 on X° 

g=l -1 on 

[ exp(A2vri) on [-T,T] x F 

where A2 is the function defined around (15. 3p . On the other hand, for any w with < w < tt, 
if we put aw = aexp{iw), then Ai^„A2 and Ai^„^A2 are not gauge equivalent. Therefore 
is a circle embedded in A{E)/Q. By taking homotopy class and projection, we have 
a surjection p: Q ^ if ^(X;/) /Tor (see [T7], Lemma 4.22). Since A{E)/Q is isomorphic 
to the Picard torus H^[X]l M)/(ii^(X; /)/Tor), it suffices to prove p{g) is a primitive 
element in H^{X] I) /Tot. To see this, let us consider the following commutative diagram: 

^ = Map(X;U(l)) H\X;Z) 



6; = F(Xx|±i}U(l)) H\X;l)/ToT, 

where the maps w and tu' are the pull-back maps to the double covering X. Note the 
following: 

• The image of w is the fixed point set , where the /-action is given by Ig = L*g. 

• Let Xi {i = 1, 2) be the double coverings of Xi. Then X is the connected sum "at 
two points" of Xi and X2- That is, this is obtained as follows: For each i = 1,2, 
removing two 4-balls from each of Xi, we obtain a manifold X- whose boundary Yi 
is a disjoint union of two S^. Then X = X[ U-p^^y^ Xg. 

To see that p{g) is primitive, we claim that p o w{g) is a primitive element in H^{X; Z). 
To see this, let us consider a circle 7 embedded in X starting from a point Xi in X[ and 
entering Xj via a component of Yi = Y2 and returning to Xi via another component of 
Yi = Y2. Then the restriction of tu(^) to 7 gives a degree one map from 7 to U(l). □ 

Proof of (3) and (4). Let us consider the projection 

which is defined by vr([xi], [^2]) = [^17^0-^2], where each Ai is the connection part of Xj. 
Note that vr is a map between two S^. Then, vr has degree 1 in the case of (3), and degree 
2 in the case (4). □ 



Pin- (2)-MONOPOLE INVARIANTS 



27 



5(iv). Proofs of gluing formulae. 

Proof of Theore'm \2.23\ . For each i = 1,2, let X- be the manifold with cylindrical end 
obtained from removing a 4-ball from Xj. By perturbing the equations with a compactly- 
supported 2- form. Corollary 15.51 implies that Ai{Xi) = Ai{X[) for a metric on Xi with 
long neck. By the assumption, Ai{X[) consists of odd numbers, say k, of U(l)-irreducible 
points. First let us consider the case when b[ = bi{X2;l2) = 0. In this case, Ai{X2) 
consists of one Pin~(2)-reducible point and maybe several Pin~(2)-irreducible points. By 
Theorem 15. 4[ A^(X*^) is a disjoint union of several circles: 

k 

MiX*^) = [jQu[jc;, 

i=l j 

where Ci are obtained by gluing U(l)-irreducibles and a Pin^(2)-reducible, and are 
made from U(l)-irreducibles and Pin~(2)-irreducibles. Then Theorem 15.61 implies that 
{rj, [A^(X*"^)]) = k mod 2, and this implies the theorem. 

In the case when b{ > 1, by using the cut-down moduli space Ai'"{X2) in Theorem 14.191 
instead of Ai{X2), the argument is reduced to the case when b[ =0. □ 



Proof of Theorem \2.24\ Obvious from Corollary 15.51 □ 



Proof of Theorem \2.25i For simplicity, we consider the case when bi{X2]l2) = 0. The 
generalization to the other cases will be clear. By Theorem 15.41 we have an identification 

Mix*"") = M{X,) Xr,M{X2). 

By Theorem 15.61 we see that 

(e,[-M(x#^)]nto) = (e, mx,)]). 

This implies the theorem. □ 

Proof of Theorem \2.2b\ For simplicity, suppose d{ci) = 0. The general case will be obvious. 
The case (1) is proved by Theorem 15.6( 2). In the case (2), A^(X*"^) is a disjoint union of 
circles Ci, such that (to, [C-i]) = ±2. Therefore Z2-valued invariant is zero. □ 

By the proof of the case (2) of Theorem I2.26[ Theorem 12.271 is true if the glued moduli 
is orientable. The orientability of the glued moduli space follows from the next lemma: 

Lemma 5.8. Fori = 1,2, let Xi be a closed oriented connected 4-manifold with a twisted 
Spin'^' -structure Ci whose Dirac index is positive and even, and Ai be a connection on the 



characteristic bundle Ei. Then for S in Lemma \5. 7[ the restriction of indS Dirac to S, 
ind{SDirac\s) , is orientable. 

Proof. We construct a framing of the index bundle md{6Dirac\s)- For simphcity, we assume 
ind-DA2 = 2, and the general case will be clear. Let us consider the family {DAi#^A2}(Tere- 
By Proposition 2.2 in pQ, we may assume Cokei Dai#^A2 = for any cr. Since ker Dg = 
on S^, we can construct an isomorphism for each cr ({3], §3.3): 

aa : ker Da^ © ker Da^ ker Da^#^A2 ■ 
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In the proof of Lemma [521 we have seen that Aijj^„A2 is gauge equivalent to Ai^_fjA2 by 
a gauge transformation g. Now we can see that, for ip G KqiDa^ and G KerDyij, 

= 9a-aii>, -0). 

Let {"0"'} be a basis for kerD^^, and {0^,0^} be a basis for kerD^^- ctq G and let 
= o'o exp(2w) for < w < vr, and 

"--"^ ^ 'cost/7 — sinw^ 



' ' sinw cosw ' ' 



Then the following gives a framing for md{6£,irac\s)'- 

0i,), 0^)}. 

□ 

Corollary 5.9. For each i = 1,2, let Xi he a closed oriented connected A-manif old with a 
twisted Spin^' -structure which has the following properties: 

• the index of the Dirac operator is positive and even, and 

• the moduli space Ai{Xi) is orientable. 

Then the glued moduli space M.{Xi^X2) is also orientable. 



Proof of Theorem 2.21 . Since each oiM.{Xi) is orientable, Corollary 15 . 91 implies A^(Xo# ■ ■ ■ 
is also orientable. The statement for the invariant is proved by Theorem 15.61 □ 

6. Proofs of Theorem 11.191 and Corollary 11.51 

In this section, we prove Theorem 11.191 and Corollary 11.51 Our proof of Theorem 11.191 is 
similar to the proof of Thom conjecture due to Kronheimer and Mrowka [12]. [Cf. |18j.) 
We begin with the proof of Theorem 11.191 

6(i). Reduction to the case when a-a = 0. Suppose n := a-a > 0. Let X' = X#nCP^, 
and Ei {i = 1, . . . ,n) he the (— l)-sphere in the i-th CP . Take the connected sum in X', 

S' = S^Ei^ ■ ■ • if En- 
Then [S'] • [S'] = 0. 

Even if we replace X by X', the Pin~(2)-monopole invariant is unchanged by Theo- 
rem l2.24l Furthermore, even if we replace X by X', the Seiberg-Witten invariant is also un- 
changed by the ordinary blow-up formulae [5l[T8]. The quantity — and a-a+\ci{E)-a\ 
are also unchanged. Thus, we may assume a ■ a = 0. 

6(ii). The case when > 0. Here, we point out that, under the assumption of 

Theorem 11.191 the Euler number of S cannot be positive: 



Proposition 6.1. Suppose (X, a,S) satisfies the assumption of the beginning of{l(ii). If 
we suppose the following: 

• > 0, 

• a = [S] E H2{X; I) has an infinite order, and 



Pin- (2)-MONOPOLE INVARIANTS 



29 



• a ■ a = 0, 

then the Pin^ (2) -monopole invariants of {X,c) and the Seiberg-Witten invariants of {X,c) 
are trivial. 

Proof. The Seiberg-Witten case is proved by Theorem 1.1.1 in [7] or Proposition 4.6.5 in 
|18j . The Pin~(2)-monopole case is similar. Take a tubular neighborhood of S, and 
let Y = dN and Xq = X \ N. Then Y admits a positive scalar curvature metric gy- 
Decompose X as X = Xq Uy A^. For a positive real number T, let us insert a cylinder 
between Xq and as: 

Xr = XoU([-r,r] xF)UA^. 

Fix a metric on Xt which is product on the cylinder: dt^ +gY- By the assumption, a (8>M is 
a nonzero class in H2{Xt', A). Let a G H'^{Xt', A) be its Poincare dual. Then the image of a 
by the restriction map r : H'^{Xt', A) — )■ H^{Y] i*X) is also a nonzero class. Choose a 2-form 
?7 G ^"^[Y] i*X) representing r(a). Let us perturb the Pin~(2)-monopole equations on Y by 
rj as in (13.31) . Since every Pin~(2)-monopole solution for a positive scalar curvature metric 
gy is reducible, a generic choice of rj makes the perturbed Chern-Simons-Dirac functional 
fl3.6p have no critical point. Choose a 2-form fi G iQ'^{X;X) whose restriction to the 
cylinder is the pull-back of irj. 

Now suppose the Pin~ (2)-monopole invariants of (X, c) is nontrivial. Then the moduli 
space A^(Xt) is nonempty for all T. Taking the limit T — )■ oo, we can obtain a finite 
energy solution on the manifold with cylindrical end, Xq U [— 1,oo) x Y. Since a finite 
energy solution should converge to a critical point at infinity (Corollary 14. 9p . this is a 
contradiction. □ 

6(iii). The case when S is nonorientable. Take a tubular neighborhood of S, and 
let Y = dN and Xo = X\N. Decompose X as X = Xq Uy N. For a large T > 0, let us 
insert a long cylinder between Xq and N as: 

Xt = Xo U ([-T,T] xY)UN. 

Fix a metric on Xt which is product on the cylinder: dt'^ + gy. (Below, we will take a 
special metric gy on Y.) Let Xt be the associated double covering. Then 

Xt = XoU([-T,T] X r)uiv, 

where F = S"^ x S and N = x S. (The object with ~ is the associated double covering.) 
Let us take the metric gy on Y so that its pull-back metric on y = S*^ x S is of the form 

dO^ + gt, 

where g^, is the metric with constant scalar curvature — 27r(45f(E) — 4). Then the volume 
of S is 1. 

Now, let us consider the limit T — )■ oo. For Xt, the following is known. 

Proposition 6.2 ([12j). If the Seiberg-Witten invariant of{X,c) is nontrivial, then there 
is a translation invariant Seiberg-Witten solution onW xY. 
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Similarly, we can prove the following: 

Proposition 6.3. // the Pin^ (2) -monopole invariant of {X,c) is nontrivial, then there 
exists a translation invariant Pm~ {2) -monopole solution on M x F. 

Under the situation of Proposition 16.3^ by pulling back the Pin~(2)-monopole solution 
on M X y to M X y , we also have a translation invariant Seiberg-Witten solution on M x y . 
By the argument in [12], the existence of a translation invariant solution on M x y implies 

> |ci(L)[E]|. 

This immediately implies 

-x(S)>|ci(i?)[E]|. 

6(iv). The case when S is orientable. In the case when the Pin~(2)-monopole invariant 
of {X, c) is nontrivial, let us consider Xt with long neck. Since the restriction of the 
local system / to E is trivial for orientable E, the Pin~(2)-monopole equations on N and 
y are in fact the Seiberg-Witten equations. This reduces the argument to the Seiberg- 
Witten case [12j. Let us consider the case when the Seiberg-Witten invariant of {X,c) is 
nontrivial. Since S is orientable, S has two components: S = S1US2. Then take a tubular 
neighborhood A''i of Si, and let Yi = dNi and Xq = X \ Ni. Let us consider 

X^ = XoU([-r,T] xYDUiVi, 

for large T. This also reduces the argument to the Seiberg-Witten case |12j . 

Proof of CorollarylT^ Since (t,)^ = id, H2{X;Q) splits into (±1) -eigenspaces. Then 
(— l)-eigenspace is identified with H2{X]l ® Q). Let tt: X — > X be the projection. Then 
vr* : H2{X; Q) — H2{X; I (g) Q) can be identified with a 1— )■ |(q; — i*a;). It follows from these 
and the assumption that S fl = that vr(E) satisfies the conditions in Theorem I L 31 □ 

7. A discussion on the genus estimate 

Let be a K3 surface. Let us recall a result due to C. T. C. Wall. 

Theorem 7.1 (Wall [22]). Every primitive class in H2{K^{S'^ x S'^);Z) is represented by 
an embedded S^. 

On the other hand. Theorem 11.191 implies the following: 

Corollary 7.2. For K^IS"^ x S^) with positive g and the Z-bundle I over S"^ x Eg as 
in Theorem a primitive class a in H2{K^{S'^ x I]g)]Z^l) of an infinite order with 

a ■ a > cannot be represented by an embedded S"^. 

Remark 7.3. Note that H2{K#{S^ x j:gy,Mh) = H2{K; Z) © Z/2. 

By the adjunction inequality obtained by the ordinary Seiberg-Witten theory [TH] {Cf. 
[121 [SI [201 [IB]), a primitive class a in H2{K;Z) with a ■ a > cannot be represented 
by an embedded S'^. Let K' be a manifold obtained by removing an embedded 4-ball 
from a K3 surface K. Note that the inclusion K' ^ K induces an isomorphism on the 
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second homology groups. We may assume K' is embedded in both of Kjj^{S'^ x S^) and 
Kjj^{S'^ X S"^). Let us consider the following injective homomorphisms: 

00 : H2{K- Z) = H2{K'- Z) ^ H2{Ki^{S^ x S^)- Z), 

01 : if2(i^; Z) ^ H2{Ki^{S^ X S,); Z), 

0;: //2(i^;Z) ^ H2{Ki^{S^ X S,);Z#/). 

Corollary 17.21 immediately implies every primitive class in Im with nonnegative self- 
intersection cannot be realized by an embedded S"^. On the other hand, Wall's theorem 
tells us that even if a primitive class with nonnegative self-intersection is in Im0o, it can be 
realized by an embedded S"^. As for primitive classes in Im0i, we can prove the following 
by using Corollary 17.21 

Proposition 7.4. // a primitive class a G Im0i satisfies a ■ a > 0, then a cannot be 
realized by an embedded S"^. 

Let us prove Proposition 17.41 The proof presented here is due to M. Furuta. Let us 
decompose Ki^T into K' Uy T', where K' = K \ D^, T' = T \ and Y = dK' = -dV. 
Suppose a primitive class a G Im0i is represented by an embedded 2-sphere. Take such 
an embedded 2-sphere E which is transverse to Y. Let Z = K' U Ti. 

Lemma 7.5. The restriction ofLjj^lj- to Z is trivial. 

Proof. Let C = F fl S. Then C is a disjoint union of finite numbers of simple closed curves 
on S. Let D = H r\T' . Then D is an domain on E and dD = C . Since C G Y , the 
restriction of Z^^/t to C is trivial. Since Hi{C; Z) — Hi{D; Z) is surjective, the restriction 
of / to D is also trivial. □ 

Then S represents the corresponding class in the image of H2{K'; Z) — )■ H2{Z; Z). If we 
consider the composition of maps H2{K'; Z) — )■ H2{Z; Z) — )■ H2{Kj^T;Z^lT), a primitive 
class in lm(f)[ should be represented by an embedded S"^. This contradicts with Theo- 
rem [L3l 

A. Appendix 

The purpose of this appendix is to give a proof of Theorem 15. 4[ The proof is based on 
0], §7.2 and [3j, Chapter 4. 

A(i). The construction of the map /. First, we give the construction of the map / of 
(15. 2p . Let Xi = {Ai, be finite energy monopole solutions on Xi {i = 1, 2). Fix a gluing 



parameter ctq G Tq. Let Xg = x'{ao) be the spliced configuration as in ^5(i) The goal is to 
find a true solution x{(Tq) near x'q under the assumptions H^_^ = H^^ = 0. 
The monopole map on X*^ is defined as a map between weighted spaces: 

6: Lf'""^ ^ LP'""^. 

Since the monopole solutions Xi and X2 decay exponentially(^ |4(iT)" ), we have an estimate 

||eK)IU. = o(e-^°^). 
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Therefore we also have 

(A.l) ||eK)|u.,^.. =o(e("-^°)^). 

Now we assume a < 60 so that the quantity above will be small for large T, and set 
(A.2) S = 6o-a. 

We want to solve the equation for y = (a, 0) G L^'^'^ {A^{iX) © 5+) 

Q{x', + y)=0. 

This equation is equivalent to 

(A.3) ^v,,+n)iy) = -Qix',), 

where I^^^ is the linearization of G, and n is the quadratic term: 

n{y) = {q{(f)),p{a)(j)). 

To solve (IA.3p . we first solve the linear version of it. For this purpose, we construct the 
right inverse Q of the linear operator D^,/, • The operator Q will be constructed by splicing 
the right inverses Qi and Q2 for the linearizations of G, Vr,.^ and T>X2, over Xi and X2. 
First, we have the following: 

Proposition A. 4 {\^, §3.3). For each monopole solutions Xi {i = 1,2), if H^- = 0, then 
there exists the right inverse Qi for D^.: That is, there exists a map Q^: L^'"^ — )■ L^'^ and 
a constant Ci which satisfy: 

Dx, o Qi{u) = M, llQiwIlLf™ < QIImIIlp."-, 

for every u G L^'"". 

The proof is a simple adaptation of the argument due to Donaldson[3], §3.3. 

Now, an approximate inverse Q' for D^'^ is constructed by splicing as follows: Recall 
X*-^ is considered as the union X*^ = Xf U Xj. Let xi ■ X*^ ^ M be the characteristic 
function of X^, that is 

1 X G Xf , 
xGX#^\Xf. 
Choose the function 71 such that 

• 7i = 1 over the support of Xi, 

• the support of 71 is in X° U [— T, T] x Y, and 
. IV71I =0(T-i). 

Take X2 and 72 symmetrically. Then we have 71X1 + I2X2 = 1 everywhere. Now define 

Q'{u) = 7i<5i(Xim) + l2Q2iX2u). 

Note that the w-^-norm of Xiw is equal to the wi-norm of that since the weight functions 
are equal on its support. Thus we have 

\\QliXlU)\\L';'"'T < Ci\\u\\lp,^t, 

where Ci is the constant in Proposition IA.4I 
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Recall that Xi and X2 are monopole solutions on Xi and X2, x[ and are configu- 
rations flattened on the ends and x'q is the spliced configuration on X*^. Therefore the 
linearization D^/^ is equal to on the support of 7j. Then 

Dx'^Q'u =D^'^{-fiQi{xiu) + 72<52(X2m)) 

=7i^^4Qi(Xim) + 72'C4<52(X2m) + V71 * Qiixiu) + V72 * Q2iX2u), 

where * means an algebraic multiplication. Let us estimate each term of the last equation. 
The w^-norm of V71 * <5i(xi^) is less than u;i-norm of it since Wt is smaller than Wi. 
Therefore 

IIV71 * Qi(xim)||lP''^t < const. T^-^W'uWlp.-wt. 

Next we want to estimate 'yi'T>x'^Qi{xiu). The operator Qi is not the right inverse for V^'^, 
but is that of V^^. Since xi decay exponentially, the operator norm of the difference of 
these two is estimated as 

\\V,,-V,,\\op = 0{e~''^). 

Then 

||(id-T'^; oQi)u\\lp'^i < -"Px'JIop- IIQilLf™! < const.e~'^^||M||LP,»i. 

Summing up these, we obtain 

||(id— "D^/^ o Q)u\\lp,wt < const. {e^^'^ + T^^)\\u\\lp,wt < CT^^\\u\\lp,^t , 

for some constant C. If we take a large T so that CT^^ < 1, we obtain the inverse 
{Vx'^Q')~^ by iteration. Then the true right inverse Q for P^,^ is given by 

Q = Q'{V,,Q')-\ 

For summary. 

Proposition A. 5. There exists the operator Q: L^^'^t _i. j^p^^t y^/^^c/i satisfies 

{T^x'q ° Q)u = U, WQuIIl^'^^t < const. 1 1 M 1 1 LP,»T, 

for every u G L^''^^. 

Now we begin to seek the solution for (]A.3|) . The main tool for this is the contraction 
mapping principle. We seek the solution of the form y = Qu. So to solve is 

(A.6) u + n{Qu) = -Q{x'q). 

We slightly change the function spaces. In (14. lip , p is chosen so that 2 < p < 4. Let q be 
the number defined by 

4 4 

(A.7) 1 - - = — . 

p q 

By the Sobolev embedding, L^'"'^ is continuously embedded in L^'"^"^. Set U = W''^'^ and 
V = L'*''^T _ xhen the operator Q can be considered as a map from UtoV with 

(A.8) \\Qu\\v<C\\u\\u, 
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for some constant C independent of T. Since n is a quadratic map, by using Holder's 
inequality with the relation (lA.7p . we have an estimate that there is a constant M such 
that 

(A.9) \\n{yi) - n{y2)\\u < M\\yi - y2\\v{\\yi\\v + ||2/2||y), 

for any yi, y2 in V. Then we have 

\\n{Qui) - n{Qu2)\\u < MC'^\\ui - U2\\u{\\ui\\u + IMu), 

where the constants C and M are those in (]A.8|) and ( 1A.9|) . Now if, for instance, ||6(a;g)||t/ < 
(lOOMC^)"^, then there exists a unique solution to (]A.6I) . By (lA.ip . ||6(xo)||;7 can be ar- 
bitrary small if we take a sufficient large T. Thus for large T, we have a unique solution 
u. Let y = Qu. Then Xq + ?/ is a required monopole solution which is in L^'""^, and hence 
in 

Thus for each cr G F, we can find a monopole solution x{a) in a unique way near the 
spliced configuration x'(cr). The correspondence a x{a) descends to the map /. 

A(ii). The image of /. We would like to characterize the image of /. Let d be the metric 
on i3(X*"^) given by 

d{[AAy]) = inf ||a;-^?/||y, 
where V = L'?'"'^. For e > 0, let U{e) C B{X*^) be the open set 
(A.IO) U{s) = {[x] I d{[x], J(F,)) < e, \\e{x)\\u < e}. 

Proposition A. 11. If H^. = H]., = H^, = for i = 1,2, then for small enough e there 
exists T{e) so that for T > T{e) any point in U{e) can he represented by a configuration of 
the form x'{a) + Q^jU with \\u\\u < const. where is the right inverse for Dx'[a)- 

Assuming the proposition, we have 

Corollary A. 12. If = H]._ = = for i = 1,2, then for e and T{e) in Proposi- 
tion \A.ll\ and for every T > T{e), the intersection U{e) fl A^(X*-^) is equal to the image 
of I: Te^M. 



The corollary follows from the argument in ^A(i) since under the given assumptions 
there is a unique small solution u to the equation + Qau) = 0. 

A(iii). Proof of Proposition lA.llt Closedness. Let us begin to prove Proposition fA.lli 
The proposition is proved by continuity method. Let [y] be an element ofU{e). Then there 
exists x' G J(Tg) with \\x' — y\\v < Let us write y = x' + b and consider the path for 

te[o,i], 

yt = x + tb. 

By gauge transformation, we may assume y and b are smooth, and so is yt for all t. It 
can be seen that, for given e, if we take T large enough, the class [yt] is in U{e) for every 
t G [0, 1]. Let us define the subset Sc. [0, 1] as the set of t which has the property that 
there exist gt G Q, x'^^ G J(Tg) and Ut E U = L^'"'^ such that 

(A- 13) gtyt = x'^^+Qa,{u), 
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with II M II (7 < ly, where u will be chosen below. 

Obviously E S. We would like to prove S is open and closed. 

Let us prove the closedness. Suppose t E S. Then there exist gt, x'^^ and Ut so that 
( 1A.13I1 holds. Applying 9 on both sides of ( 1A.13I) . we have 

(A.14) Q{gtyt) = e«) + V^^Q^^Ut + n{Q„^ut) = e«) + Ut + n{Q^^ut). 

Then we have an estimate 

\\ut\\u < IMyMu + \\e{x'{at))\\u + \\niQa,Ut)\\u <e + const.e"^^ + {C^^fWutfu, 

where Co-t is the constant for so that ||<5o-tM|| < \\u\\. Since Tg is compact, C^- {cr E Tg) 
is bounded above by some constant as 

(A. 15) a < N. 

Rearranging this and taking u so that ||m|| < ly < {2N'^)^^, we have 

(A.16) h\ut\\u < (1 - A^lMt||)||Mt|| <e + const.e"''^. 

This estimate implies the following: 

Lemma A. 17. Suppose v < (2N'^)~^ so that the estimate ( ]A.16I) holds. Then we can 
choose small e and large T so that \\u\\ < u implies \\u\\ < 

Thus the open condition ||n|| < v is also closed. 

Suppose we have ti E S with ti t^. By definition, for each tj, there exist Ui = Ut^, 
(Ji = at^ and yi = yt,, and if we set Xi = x'{atj + Qat^Ui, then giyi = Xi holds. Then 
obviously yi = x' + tib converge to yoo = x' + t^ob in Since Vg is compact, ai converge 
to some (Too. Then the spliced configurations x'(cTt.) converge to x\at^) in C°°. By the 
uniform bound \\ui\\u < i^, taking a subsequence, we have a weak limit Uoo so that Ui — )■ Uoo 
in U = U'<'^T _ Then Xi converge weakly in L^'""^, and we may assume Ui converge weakly 
in Lg'"'^ and strongly in L^'"''^. Now we would like to see that Ui converge to Uoo strongly. 
By (jSHD, 
(A. 18) 

\\ui-Uj\\u < W&igiyi) - 'd{gjyj)\\u + l|0(a;'(o-i)) - Q{x'{aj))\\u + \\n{Q^^Ui) - n{Q^Mj)\\u. 

If i,j — )■ oo, then the second term of the right hand side ||6(x'(crj)) — Q{x'{aj))\\u tends 
to 0, because x'{ai) converge in C°°. The first term is estimated, for instance, as 

l|0te) - Q{9jyj)\\u < \\9i- 9j\\LP--"T ■ \\e{yj)\\co + ll^ilUp.-T ■ \\<d{yi) - Q{yj)\\co, 

where the right hand side tends to if z, j — t- oo. For the third term, 

\\n{Qa,Ui) - n{Q^^Uj)\\u <M\\Q„^Ui - Qa,Uj\\u{\\Qa,Ui\\u + \\Qa,Uj\\u) 

<M{\\Q^^ - Qaj\\op\\ui\\u + C^^\\ui - Uj\\u)iC^,^\\ui\\u + C^^\\uj\\u) 

<M(||Q^, - (5aJ|op||Mi||c/ + N\\ui - UjWu) ■ N{\\ui\\u + \\uj\\u)- 

where is the constant in (lA.15p . If we assume ||Mj||t/ < {AMN"^)'^, then, by rearranging 
(lA.lSp . we can see that the sequence {ui} is a Cauchy sequence in U, and Mqo is the strong 
limit. 
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Now we choose v so that v < min{(2A^)^^, {4MN'^)'^}, and choose e and T as in 
Lemma lA.lTi Then {ui} converge strongly to Moo, and by Lemma IA.17t the hmit Uoo 
satisfies HMoollif < ^- This means too € S, and the closedness is proved. 

A(iv). Proof of Proposition lA.llt Openness. Let us prove the openness. To prove 
the openness, we use the imphcit function theorem. Suppose to ^ "S* with < to < 1 so 
that there exist go, ao and uq so that goUto = + QqUq- To prove is [to, to + e) C 5* for 
small e. In fact, we will prove any configuration z close to i/tQ is gauge equivalent to some 
x'v + Qv{uo + w) for some v G LieFg and w E U, where x'^ = x'{aQ,v) and = Q(aoexpv)- 
Define a map 

J^: fi°(zA) X LieLe x (fi+(«A) © 1(5")) ^ Q\iX)®r{S+) 

by 

J'if, V, w) = exp(/)(a;^ + Qv{uo + w)) - (x^ + Qo(mo))- 

We need to show that J-" is surjective onto a neighborhood of 0. This follows from the 
implicit function theorem if the derivative DJ^ of J-" at (0, 0, 0) is surjective. If x'q = 
{A'q, $q), the derivative DJ^ is 

DJ^{oflfi){f, V, w) = I.s>'^if) + d^x[ + d^Q,,{uo) + Qo{w), 

where Zi>/^(/) = {—df, /$o) and means the derivative with respect to v. 

More precisely, d^x'^ can be written as follows: For the connection part A'{ao,v) of x'^, 
set 

d 



jiy) = —A'{cro,sv] 



s=0 

Then j{v) = d{\2v) = -d{Xiv) on [-1, 1] x Y, and j{v) = outside of [-1, 1] x Y. Now 
we have 

dX = {j{v),0)en\zX)(BT{S+). 

The term d^Q^ will be discussed below. 

In order to prove the surjectivity of DJ^, we define a map 

T: n^tX) X LieTe x (fi+(?A) © r{S-)) ^ Q\tX) © r(^+) 

by 

nf,v,w) = X^,^{f) + (j(^),0) + Qo{w) = DJ^-dM^o)- 
Let Bi be the completion of the domain of T in the norm: 

\\if,v,w)\\B, = \\X^'^if)+jiv)\\v+\\w\\u, 

where U = U'^'^t g^^d V = L'''"'^. This is a norm by Lemma [A. 191 below. Let B2 be the 
completion of the range in the norm: 

||(a,0)||B, = ||(a,0)||y + ||P,^(a,0)||t;. 

Now, the fact that || • \\b-^ is a norm follows from the following: 
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Lemma A. 19. If H^^ = H^^ = 0, then there exists a constant L independent of T such 
that, for any f G fl^{i\) and any v G LieFe, we have 

\\f\\co + \v\<L\\I,>if)+jiv)\\v. 

Proof. Let /i = / + — Ai) over supp(Ai) C Xi, and /2 = / — (1 — A2) over supp(A2) C X2. 
Then, for i = 1,2, 

df + j{v) = df, 

over Xf, and fi — f2 = v over [—1, 1] x Y. Then each of ||/||co and \v\ is bounded above 
by il/illc" + 11/2 lie"- On the other hand, if = 0, then there exists a constant Li for each 
i so that 

II /ill CO < Li\\1^^i{fi)\\Li-^i, 

since q > 4. Then we have 

II /ill CO < Li\\^^{fi)\\L'^•^^ + W^i - '^'i II L-?."* II /ill CO- 

By the exponential decay, ||$j — ^-jlL-j.^i = O^e^^"^). So we can choose large T so that ||$j — 
^^IlL'j.^i < |, say. Rearranging this, we obtain a bound for WfWc" by ||Zi,^(/)||iq,ii'i. Since 
X^{fi) is supported on suppAj, the L'^'"'' and L'^'"'^ norms of it are uniformly equivalent, 
and the lemma is proved. □ 

Thus T is a bounded map from Bi to -82- In fact, the following holds: 

Lemma A. 20. There exists a constant K independent ofT so that 

(A.21) \\U,v,w)\\b,<K\\TU.v,w)\W 

Proof. Let a = T{f,v,w) = Z^>^{f) + j{v) + Qq{w). We consider P^./^ a. By (14.151) . we have 

V,,I^,if) = iO,fDA',^',). 

On the other hand, 

V,,ijiv)) = i-dijiv)),jiv)^',) = 0, 
because supp j(f ) fl supp $0 = 0- Thus we have 

P,.a = (0,/D^.$[,) + ^^;. 
Since ll/IIco < L||X,, (/) + j(t^)||y by LemmaEia and \\Da'^%\\u = 0(e-^^), we obtain 

\\w\\u <\\V^'^a\\u + ||/||c;o||D^;$o||c/ 

<\\'D^'^a\\u + const.e''^'^||X^jj(/) + j(^)llv 
= \\V^'^a\\u + const.e"'^^||a - Qo{w)\\v 
<\\V^'^a\\u + const.e-^^(||a||y + C\\w\\u). 

Thus, when T is sufficiently large, we obtain a bound \\w\\u < i^i Halloa for some constant 
Ki. Therefore we have 

\\^x',{f)+j{v)\\v = \\a - Qo{w)\\v < (1 + CK^)\\a\\B,. 

Combining the last two inequalities, we can find a constant K so that (lA.2ip holds. □ 



38 NOBUHIRO NAKAMURA 

Corollary A. 22. The kernel of T is zero, and the image of T is closed in B2. 

Now we use the index theorem to prove T is the isomorphism. 

Proposition A. 23. // H^. = H^^ = H^. = for i = 1,2, then the operator T is an 
isomorphism from Bi to B2 with operator norm ||T~"'^||op < K . 

Proof. The operator Qq is a pseudo-differential operator whose symbol is homotopic to 
{Dxi^)*{l + [D^i^y Dx[^~^ . Thus Xj,^^ © Qq is Fredholm, and the index is calculated as 

ind [X^>^ © go] = ind [(X$. )* © * = - ind [(X$. )* © . 

Then 

ind T = dim Lie — ind [(X$^)* © T^x[^ 

= dimLieFe - {ind [(X$J* © X"^.,] + ind [(X$J* ©P^^] +dimLieF4 = 0. 
Now the proposition immediately follows from Corollary IA.22[ □ 

Recall -DX" = T + dQ^iuo), and we have seen that T is an isomorphism from Bi to B2 
which satisfies (|A2T]) . If we see the operator norm of the map v ^ dQy{uo) is less than 
in (1A.21|) . then X is also invertible, and the proof of Proposition lA. Ill is completed. 
Let us evaluate the norm of dQy{uo). Recall is constructed as 

(A.24) Qv = Q'.iV,'M~'^ 

where Q'^ is the spliced operator which can be written as 

Qv ~ Qv,l + Qv,2^ 

with 

Qv,i = hiQ'ihr^, and = -fiQiiXiu), 

where hi are the gauge transformations in (15. 3p . and Qi, 7^ and Xi cire defined around 
Proposition IA.4I Then the differential of Q'^ with respect to f at f = is given by 

dMu) = [(1 - Xl)Vi,QiU] + [(1 - X2)V2,Q2U]. 

Then we have 

\\dvQ'v{u)\\v < const.|f 
Similarly, the differential dyiV^'^Q'^^u)) is bounded as 

\\dvi1^x',Q'viu))\\v < const. 
By differentiating (]A.24|) . we obtain 

Hence we obtain the estimate 

(A. 25) ||c^j;<5i;(m) lly < const.|f IIImIIc/. 

Differentiating the identity 'D^i^Q^ = 1, we have 

V^^^idMu)) = ~idyV,,)Qoiu) = {0,-jiv)(P), 
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where is the spinor component of Qo{u). Therefore we have the estimate 
\\1^x'gidyQy{u))\\u < const.\\j{v)\\Li\\Qo{u)\\v < const>| ||u||,7, 

because of the following facts: 

• Holder's inequality with f lA.7p implies ||ci&||t/ < ||a||y||6||L4, and 

• we may assume the L'^ norm of VAj is independent of T, and therefore ||j(f)||L4 < 
const.|f |. 

Summing up these, we obtain 

\\dvQv{u)\\B2 < const. < const. \\{ f,v,u)\\B2\\u\\u- 

Now if \\u\\u is small (i.e., u is small), then DJ^ is invertible and the proof of Proposi- 
tion |A?TT] is completed. 

A(v). The injectivity of the map /. Now, we prove that the map / is injective: 

Proposition A. 26 ([4J, §7.2.6). For monopoles Xi on Xi with = {i = 1,2), and for 
sufficiently small e, the map I of fl5.2p is injective. 

Proof. If 7^ for some i, then Gl is one point, and therefore I is obviously injective. 
Suppose = for i = 1,2. For the fixed identification (Tq and any v, suppose the 
following: 

• /(cTo) is represented by x'{ao) + yo. 

• /((Toexpv) is represented by x'{ao,v) + y^. 

• x'((Jo) + yo and x'{ao, v) + y^ are gauge equivalent. 

• x'(cro) and x'{ao,v) are not gauge equivalent. 

First, we claim that, if x'{ao) + yo and x'{ao,v) + y^ are gauge equivalent, then we may 
assume they are equivalent by a gauge transformation in the identity component. Recall 
that TToQ = H^{X; I) = Z^^^^'^^®Z2. Let p: Q ^ ttoQ be the projection. Let us consider the 
case when both of xi and X2 are monopoles on twisted Spin -structures. (The untwisted 
Spin^^'-cases are easier.) Let us write the connection terms of x'(cro) and x'{ao,v) as A{ao) 
and A{ao,v), and let Oq and be the 1-form components of yo and By Lemma [5.71 
there exists t G H^{X;l) which is represented by a gauge transformation g such that 
y4((To,7rz) = gA{ao). Hence, as de Rham classes, n[t] = [A{ao,mii) — A{ao)] for n E Z. 
Suppose x'((Jo) + yo = g{x'{ao,v) + y^) for some g E Q. Since the de Rham classes of Qq 
and are very small for large T, we see that [A(o"o) + — (y4(cro,f) + a^)] should be 
n\t] for some n G Z, and therefore p{g) is in 'Lit) © Z2. Then by replacing x'((Jo,f) by 
(±1) ■ ■ a;'((To,f), we may assume x'(cro) + yo and x\ao,v) + y^ are gauge equivalent 
by a gauge transformation of the form g = exp(x) for some x ^ ^^{iX). By restricting on 
Xf^, we obtain gauge transformations gi over Xf^ so that x'{ao) + yo = gi{x'{ao, v) + y^). 
Then, for the connection parts, we have 



A[{ao) + ao = gi{A[{ao, v) + y^) = gihi{A[{ao) + a^). 
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where hi are the gauge transformations in (15.31) . Set g[ = Qihi. We may assume g[ = exp(xj) 
for some Xi- Then we have —2dxi = clo — dv, and therefore 

llXillc-o < const.\\dxi\\Li-^,(xfT) < const. ||ao - a^\\Li,^,(^xfTy 

On the overlapping region, the compatibihty condition for Qi imphes \xi — X2I = |^|- Thus 
we have 

(A. 27) \v\ < const. ||ao — a^||i/. 

On the other hand, is given as = Qv{u^) for a such that m^, + n{Q^{uy)) = 
—Q{x'{ao,v)). Since Q{x'{(7o,v)) is supported on the region where hi = 1, the f-derivative 
of M„ is given by d^u^ = —dy{n{Q.u{uy))). By calculating the derivative (by using flA.91) ). 
we have 

\\dv{n{Qv{u.,)))\\u < conis,i.\\dy{Qy{uy))\\v\\Q{u)\\v < const. || (9^(5^)(m) +(5(9^M^)||y ■ 
Since \\u\\u < const. e, the estimate (1A.25P implies 

< const. ||9t,'U^||t/)e 
Rearranging this, we have H^ij-UtjUfy < const. and hence 

|f I < const. ||ao — civWv ^ const. 
Thus for small e, we obtain v = 0. □ 

A(vi). Gluing map H. Suppose A^j = A^(Xj) {i = 1,2) are regular. Since A4i are 
compact, we can define for sufficiently large T the global gluing map, 

(A.28) E: MiXr,M2^ M{X*^). 

First we will prove the map S is diffeomorphism when Mi and A^2 are acyclic with the 
assumptions of Theorem 15. 4t 



Theorem A. 29. Suppose the assumptions of Theorem \5.4\ are satisfied. Suppose further 
that Ail and M.2 ore acyclic. Then, for a large T , the gluing map (1A.28P is a diffeomor- 
phism, and M. {X'^'^) is regular. 

For the proof, we need some more things. Let e and T{e) be the constants in Proposi- 
tion lATTl and take T > T{e). For r such that T > r > T(e), let = X[, = 
and K"^ = Kl U KJ. We can assume K'^ as a submanifold of X*^. So by restrict- 
ing to -ft"^, we can compare configurations on the different manifolds Xi U X2 and X*-^. 
Let B{K'^) be the space of the configurations modulo gauge over K'^ . We may identify 
B{K^) = B{Kl) X B{Kl). For a = [xi] x [xa] and b = [yi] x [7/2] in B{K^), we define the 
metric 

dK^{a,b) = inf \\giXi - yi\\v + inf \\g2X2 - y2\\v- 

For monopoles Xi {i = 1,2) on Xj, let x- be the fiattened configuration, and J: Gl — 
i3(X*^) the map splicing x'l and X2 with a gluing parameter a. If w is a monopole on 
X*-^, then there exists a constant C such that, 

dK^{[w]\K^,[x'i] X [x',]\K^)<Cd{[w],J{G\)). 
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Conversely, we have 

Proposition A. 30. There exists a constant r with r > T{e) such that if 
then 

d{[w],J{Gl)) <e. 

Proof. Let us consider the disjoint union = KJVJK2 , where Kj = Xf. Note that X*-^ 
is made by gluing Kf and Kj. For a monopole x on X*-^, let us consider the restriction 
Mkt = [x\kt] X [x\kt] G B{Kf) X B{Kj). Then ^^^(HIa't, [x[] x [^JI^^t) < e implies 

J(G1)) < £. Let K^-^ be the disjoint union of {Xf \ X[) and (Xj'VXJ). The 
exponential decay estimate implies that there exists a constant C such that, for every 
monopole w on X*-^ and every monopoles Xi and X2 on Xi and X2, 

ci^T-.(H,[x;]x[4])<Ce-^^ 

Hence if r is large enough, then, say, (ij^T-r([w], [x[] x [X2]) < e/10, and the proposition 
holds. □ 

By Corollary IA.121 we obtain the following: 

Corollary A. 31. Forr in Proposition \A.3(^ ifw is a monopole onX'^'^ withdK^ilwWx^, [x[]x 
[x'2\\k^) < as above, then [w] is in the image /(Gl). 

In order to define the inverse of the gluing map, we need to make monopoles on Xj from 
a monopole on X*-^. 

Suppose X is a monopole on X*-^ with = 0. Let us consider the configuration x' 
obtained by making x flattened on the neck. More precisely, using the function 7 in [ |A(i) 
we define the function 7 by 

r7(-t-3), t>0, 

^^^^"1 7(t + 3), t<0, 

and let 

a;' = 7x + (l-7)(e,0). 

For each i, restricting x' to Xf", assuming Xj' C Xj and extending x' over Xj obviously, 
we obtain an approximate monopole x[ on each Xj. Taking a large T and arguing as in 
^A(i) we can construct, for each i = 1,2, a genuine monopole yi on Xj which is close to 



Xj. To do this, first we need to construct a right inverse Qi for the operator V^/ for each 
i. The operator Qi, say, is constructed by splicing the right inverse Qx' for V^' over 
with the right inverse for the operator I^{6),o) over the cylinder {—2T, 00) x F as in [ |A(i 



Then, by the contraction mapping principle, we can find a genuine monopole yi near Xj for 
each i. Taking a large T, we may assume 

dK-{[x]\K-, [y'l] X [y'2]\K-) < |. 
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So the monopole class [x] is in the image /(Gl) for gluing yi and ?/2- By Proposition lA.26| we 
find the inverse image of [x] for the gluing map H, and we can see that S is a diffeomorphism 
in the acyclic case. Thus Theorem IA.29I for the acyclic cases is proved. 

In order to generalize Theorem IA.29I to the non-acyclic cases, we need one more in- 
gredient. If dimA^i or dimj\42 is positive, cutting down the moduli space reduces the 
argument to the 0-dimensional case. For given points Wi = [xi] G Aii {i = 1,2), choose 
local coordinates. 

By §10.4 of [7|, we can embed Ui x U2 into B{K'^) for a large r via the restriction map 
r: B{Xi) X B{X2) — > B{K^), and find an open neighborhood V of r{Ui x U2) and a map 

q:V ^Uix U2, 

satisfying g o r is the identity on Ui x f/2. Let r': i5(X*^) — > B{K'^) be the restriction 
map, and U{e) be an open set of flA.lOp for the configurations splicing xi and X2. We can 
arrange so that r'{U{e)) C V . Let us define T by the composite map as 

T = ((^1 X (^2) ogor': U{e) ^W^^ x 

Then, the argument in the previous subsections work for the cut-down moduli space 
T-^{zi,Z2) r\U{e) n M{X*^) for (^1,^2) e <^i(f/i) x <^2(f/2)- In particular. Corollary Ell] 
is modified to the following: 

Proposition A. 32. For each i = 1,2, let Xi be a monopole on Xi with [xi] G Ui, and set 
Zi = {pi{[xi]). If H^. = Hi- = for i = 1,2, then for small enough e there exists T{e) so 
that for T > T{e) the intersection T^^{zi, Z2) fl ^({e) fl A^(X*-^) is equal to the image of 
I: Tg^M. 

With this understood, we have a smooth family of diffeomorphisms parameterized by 

{Zi,Z2) G f/i X U2, 

Tg/iT,, X ^ T-\z^,Z2)nU{e)nM{X*^). 

By using this. Theorem IA.29I is generalized to Theorem 15.41 for Ai{Xi) with vanishing 
0th and 2nd cohomology. Now the case when A4{X2) contains U(l)-reducibles (especially 
Corollary 15. 5p can be proved substantially more easily by modifying the arguments in the 
preceding subsections. 
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